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Recent advances in theory and experiment have renewed efforts in the phenomenological under-
standing of scattering for hadronic systems. Calculations in lattice QCD have shown that res-
onances can be extracted from the finite volume spectrum. These observables require analytic
models to continue the amplitude to the complex energy plane to determine the infinite volume
hadron spectrum. The forefront of this research is determining scattering observables for three
particles from the finite volume spectra. We present an analytic representation for the elastic
three-body scattering amplitude, which can be effectively used in lattice QCD calculations of am-
plitudes. Aspects of its analytic properties are discussed, specifically the one-particle exchange
effects and triangle singularities, which are possible explanations for the many observed exotic
hadrons.
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Chapter 1
INTRODUCTION
More than 99% of the visible mass in the universe is due to nuclei and their interactions. Unlike
electromagnetic phenomena, which has long-range effects, nuclear systems are associated with
short-distance physics on the scale of ∼ 10−15 m. Nuclear processes are broken down into two
categories, weak and strong nuclear phenomena. Weak interactions, which describes for instance
the neutron β-decay n → p + e− + ν¯e, are characterized by small cross sections (∼ 10−35 m2),
and lifetimes of the order of & 10−10 s. Conversely, strong interactions have much larger cross
sections (∼ 10−29 m2) and shorter lifetimes (∼ 10−24 s). They are responsible for the binding of
nucleons inside nuclei, and for the generation of the long list of short-lived states that populate
the PDG [6]. At a more fundamental level, strong interactions generate 99% of the mass of the
nucleons, with the rest being due to the interaction with the electromagnetic and the Higgs fields.
States subjected to strong interactions are called hadrons.
1.1 STRONG INTERACTIONS AND QCD
Quantum Chromodynamics (QCD) is universally acknowledged as the theory describing strong
interactions, and reduces any hadron phenomena to the interactions of quarks mediated by massless
gluons [7]. These fundamental degrees of freedom are never observed freely (confinement), but can
only appear in neutral composite structures, which are identified with the hadrons. The nuclear
force between nucleons is then analogous to the Van der Waals forces in molecules. Hadrons are
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Figure 1.1: The quark mass spectrum (a) and the running of the QCD coupling (b). The quark
masses and given are computed in the MS scheme, as in the running coupling. The coupling is
such that αs(M
2
z ) = 0.1181 ± 0.0011. The coupling is computed in perturbation theory. Figure
adapted from Ref. [6].
the emergent states of quark and gluon interactions, and come in two known classes: mesons and
baryons. Mesons are composed of valence quark-antiquark pairs surrounded by a sea of quarks
and gluons, and baryons are made up of three valence quarks in the quark-gluon sea. QCD is
a relativistic quantum gauge field theory, which is invariant under the non-abelian gauge group
SU(3)c, where c means color . QCD can be compactly written with the Lagrangian density
LQCD = i
2
∑
f
ψf /Dψf + h.c.−
∑
f
ψfmfψf −
1
2
tr [GµνG
µν ] . (1.1)
The field ψf is the quark field for a flavor f , and G
µν is the gluon field strength. Hiding inside
this deceptively simple theory is all the physics of nuclear phenomena. Figure 1.1 shows the quark
mass spectrum and the running QCD coupling. Indeed in the infrared region, the coupling grows,
and perturbative analyses become unreliable.
Recently, tremendous progress has been made in computing hadron properties directly from
QCD using lattice QCD. Lattice QCD is a non-perturbative approach to compute observables
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Figure 1.2: The light hadron spectrum computed from lattice QCD. Figure adapted from Ref. [8]
directly from QCD in a discretized, Euclidean spacetime in a finite volume. It is systematically
improvable, since one can decrease the discretization size and increase the volume, approaching
the continuum limit. Figure 1.2 shows the ground state spectrum computed in lattice QCD from
Ref. [8]. There exists a non-perturbative methodology that connects the finite volume spectra to
infinite volume scattering observables. The essential idea is to compute finite volume corrections
to QFT correlation functions, and relate these corrections to scattering quantities. For example,
consider the four-point finite volume correlation function in momentum space, CL(E,P;L), for
the creation and annihilation of two hadron interpolating operator at separated spacetime events
in some cube of size L. The finite volume correlation function is related to the infinite volume
correlation function
CL(E,P;L) = C∞(E,P) + V (E,P;L) +O(e−mL), (1.2)
where V is a function containing power law, i.e. O(Ln), corrections, andO(e−mL) are exponentially
suppressed corrections, which for suitable mL > 1 can be ignored. We make the observations that
3
CL must contain only poles in E, whereas C∞ must contain only cuts (ignoring bound states).
Thus, the finite volume correction must have poles at the finite volume energies. This leads to the
colloquially called Lu¨scher quantization condition [9].
The Lu¨scher quantization condition related the 2→ 2 scattering amplitude to the eigenenergies
of the system in the box via
det
[
F (En,P;L) +M(En,P)
]
= 0, (1.3)
where F is a matrix in angular momentum space, which characterizes the finite volume effects of
two particle propagation, M the partial wave scattering amplitude, which is a diagonal matrix in
angular momentum. The determinant is over all angular momenta. Since the functions F (En,P;L)
are known geometric functions, the condition allows one to compute the scattering amplitude given
a two-particle eigenenergy, in a total momentum P, and in a cube of size L. The Lu¨scher quantiza-
tion condition can be interpreted as a statement of unitarity, as ImF (En,P;L) = − ImM(En,P).
Thus, the amplitude must have the correct structure required by S-matrix principles, which are
discussed in Chapter 2.
1.2 THE QUARK MODEL
The constituent quark model characterizes the hadrons as bound states of constituent quarks q:
qq¯ for mesons and qqq for baryons. Although similarly named, constituent quarks are not the
fundamental quarks of QCD, but are the effective degrees of freedom used to classify the valence
structure of the hadrons. Constituent quarks do, however, have most of the same symmetries as
the fundamental quarks and come in the same six flavors. The quark model was proposed by
Gell-Mann [10] and Zweig [11] in 60s to understanding the hundreds of new particles discovered
during he 50s-60s. The hadrons can be classified into SU(Nf )F multiplets, where F indicates flavor
and Nf indicates the number of flavors.
Focussing on the mesons, we wish to construct various states arising from qq¯ pairs. In the qq¯
4
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Figure 1.3: Pictoral representation of mesons and baryons in the constituent quark model. The
red, green, and blue colors represent the color charge of the hadron, and the white circle with the
red outline indicates anti-red to make the meson colorless.
rest frame, the system can couple to a total intrinsic spin s = 12 ⊗ 12 = 0 or 1, and can have an
orbital angular momentum ` = 0, 1, 2, . . . which couples to a total angular momentum J = ` + s.
We consider an effective interaction potential between the quark-antiquark, and assume spherical
symmetry with a radial confinement, e.g. the Cornell potential V (r) = C/r+ σr. This produces a
series of states with increasing mass which can be labeled by a radial quantum number n. Therefore,
we can write the nth-radial excited meson state as
|n 2s+1`J mJ〉qq¯ =
∑
m`,ms
〈`m`; sms|JmJ〉
∑
σ,σ¯
〈 12σ; 12 σ¯|sms〉
×
∫
d3p?
(2pi)3
ϕn,`(p
?)Y`m`(pˆ
?) |qσ(p?)q¯σ¯(−p?)〉 , (1.4)
where p? is the relative momentum of the quark q is the rest frame of the qq¯ pair, with magnitude
p? = |p?|, σ (σ¯) = ± 12 is the intrinsic spin projections of the quark (antiquark), ms, m`, and mJ are
the intrinsic spin, orbital, and total angular momentum projections, respectively, ϕn,`(p
?) is the
radial momentum-space wave function, and Y`m`(pˆ
?) are the spherical harmonics characterizing
the angular dependence. A meson state in-flight with a total momentum P can subsequently be
found by boosting Eq. (1.4) with a standard Lorentz boost.
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The strong interaction preserves parity and charge conjugation symmetry, therefore we can
describe our meson state by these two quantum numbers. Acting the P and C operators on the
state Eq. (1.4) gives the eigenvalues
P = (−1)`+1 , C = (−1)`+s. (1.5)
Recalling that antifermions have opposite intrinsic parity of fermions, the total intrinsic parity is
always −1. Then, from interchanging p? → −p? on the state, we find and additional factor (−1)`
from the angular dependence, Y`m`(pˆ
?) → Y`m`(−pˆ?) = (−1)`Y`m`(pˆ?). Charge conjugation
interchanges q ↔ q¯, which gives factors −1 from fermion interchange, (−1)` from the angular
component, and (−1)s+1 from the spin wavefunction, 〈 12 σ¯; 12σ|sms〉 = (−1)s+1 〈 12σ; 12 σ¯|sms〉.
Table 1.1 shows the possible JPC and 2s+1`J quantum numbers for qq¯-mesons in the constituent
quark model. Notably absent are the quantum numbers JPC = 0−−, 0+−, 1−+, 2+−, . . ., which
are known as spin-exotic. These spin-exotic mesons are thus forbidden in the constituent quark
model, however QCD does not forbid such states as, for example, gluons can play an active role
in the binding of fundamental quarks. Spin-exotic hadrons can, however, in principle exists within
QCD. Other exotics exists, such as tetraquark or pentaquark states [12]. This ‘new’ exotic hadron
spectroscopy began with the discovery of the χc1(3872), also known as the X(3872), by the Belle
collaboration in 2003 [13]. First observed in B± → K±pi+pi−J/ψ as a narrow peak in the invariant
mass of the pi+pi−J/ψ, this state has properties different from conventional quarkonium states,
and is a candidate for an exotic hadron. The X(3872) was determined to have quantum numbers
IG(JPC) = 0+(1++) [14]. Following the discovery of the X(3872), many other exotic candidates
were observed in the heavy quarkonium sector, which are collectively called XY Z states. Specific
examples include the Zc(3900), discovered by Belle and BESII in 2013.
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Figure 1.4: The quark model pseudoscalar (JPC = 0−+) nonet. The horizontal axis shows the
strong isospin projection I3. Shown are the charge Q and strangeness S quantum numbers. The
quark content of the mesons is pi+ = ud¯, pi0 = (uu¯−dd¯)/√2, pi− = du¯, K+ = us¯, K0 = ds¯, K¯0 = su¯,
K− = sd¯. The isoscalar η and η′ mesons are mixtures of the SU(3)F states η1 = (uu¯+dd¯+ss¯)/
√
3
and η8 = (uu¯+dd¯−2ss¯)/
√
6, with the mixing η = η8 cos θP−η1 sin θP and η′ = η8 sin θP +η1 cos θP ,
with a pseudoscalar mixing angle of approximately θP ≈ −11.5◦.
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Table 1.1: Allowed mesonic quantum numbers in the quark model. The total intrinsic spin of the
qq¯ system is s = 0 or 1, and the total angular momentum is restricted by |` − s| ≤ J ≤ |` + s|,
were ` is the orbital angular momentum. Shown is up through ` = 3 (F -wave). The parity of the
meson is P = (−1)`+1, and the C-parity is C = (−1)`+s. Shown are the JPC quantum numbers,
and the spectroscopic notation 2s+1`J .
s ` J P C JPC 2s+1`J
0 0 0 − + 0−+ 1S0
0 1 1 + − 1+− 1P1
0 2 2 − + 2−+ 1D2
0 3 3 + − 3+− 1F3
1 0 1 − − 1−− 3S1
1 1 0, 1, 2 + + 0++, 1++, 2++ 3P0,
3P1,
3P2
1 2 1, 2, 3 − − 1−−, 2−−, 3−− 3D1, 3D2, 3D3
1 3 2, 3, 4 + + 2++, 3++, 4++ 3F2,
3F3,
3F4
1.3 THREE PARTICLE SCATTERING
Modern high-energy experiments are accumulating high quality data on three-hadron final states,
that are expected to be the main decay channels of several poorly known or missing resonances.
These include, for example, the enigmatic a1, ω2, and the exotic pi1 resonances that can be studied in
peripheral production at COMPASS, GlueX, and CLAS12 [?, 15–20]. In addition to conventional
hadrons, many of the exotic XY Z and pentaquark states observed in the heavy quarkonium
sector [12,21,22], are also found in three particle final states.
Many of these newly observed or anticipated states lie close to thresholds of their decay prod-
ucts. For example, the mass difference between the X(3872) [13] and the D0D¯0pi0 threshold is
only 6 MeV. The proximity of the three particle threshold together with the possibility of long-
range interactions mediated by a single pion exchange can significantly influence the X(3872)
line-shape [23] and one needs to carefully analyze the role of pion exchange and whether it is able
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to bind D∗0 and D¯0 [24–28]. In the light meson sector, the recently observed a1(1420) [16] is yet
another candidate for a state not expected in the quark model that can be influenced by meson
exchange interactions and thresholds [29,30].
On the theory side, lattice QCD has made substantial progress in extracting the resonance
spectrum from simulations of 2 → 2 reactions [31–39], and recently, the formalism for 3 → 3
scattering has been developed [40–50]. Analysis and interpretation of both experimental data
and lattice simulations require input in the form of reaction amplitudes that can be analytically
continued into the complex energy plane. For example, in partial waves, resonances appear as pole
singularities, while particle exchanges lead to logarithmic branch points. Fortunately, reaction
amplitudes are constrained by unitarity, which can be used to determine the discontinuities of
partial waves in the near threshold region.
The remainder of this thesis is devoted to phenomenological studies of two and three hadron
reactions. We use general principals of scattering theory to restrict the form of reaction amplitudes
to be used in data analysis. In Chapter 2, we review key results of scattering theory, setting
the stage for analyses presented in subsequent chapters. Chapter 3 applies these results to the
hadroproduction of η(′)pi resonances, specifically the tensor and exotic sector. We then discuss the
phenomenology of elastic 3 → 3 scattering in Chapter 4, and Chapter 5 present a representation
for the 3→ 3 amplitude which satisfies unitarity, and in Chapter 6 we compare to other formalisms
in the literature. Finally, we conclude in Chapter 7, where we discuss potential future studies to
understand three particle systems.
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Chapter 2
ELEMENTS OF SCATTERING THEORY
Scattering theory is a framework for studying particle reaction without the need of specifying the
underlying interaction between particles. The framework is based on restricting the form of scat-
tering amplitudes by imposing fundamental principles on the system. This includes probability
conservation, causality, and Poincare´ invariance. These principles can be used to construct am-
plitude models which can be used to fit to experimental or lattice QCD data, and in turn can
be analytically continued to extract physics of the reaction. In this chapter, we state some useful
results which will be useful in subsequent chapters.
2.1 UNITARITY AND THE S-MATRIX
The probability for an initial quantum state transitioning to a final state is
Prob i→f =
∣∣ 〈f |S | i 〉 ∣∣2, (2.1)
where | i 〉 denotes the normalized initial state, |f〉 is the final state, and S is the scattering matrix
operator, or, the S-Matrix. For some theories, e.g. QED, one computes S-matrix elements via a
perturbative expansion in the coupling strength, e.g. α for QED. The perturbation series can be
represented by Feynman diagrams, which are a set of diagrammatical rules for efficient computa-
tion of S-matrix elements given the theory. In strongly interacting systems, it is observed that
the asymptotic states of the theory, quarks, are not the observed asymptotic states, hadrons. The
connection between the input and observed states is not fully understood, and ultimately arises
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from the confinement nature of QCD. In the low-energy region, the coupling is known to be rela-
tively large, and perturbative methods breakdown. However, we can work directly with scattering
amplitude of hadronic reactions and use general principles of physics to constrain the scattering
amplitude.
The primary constraint is unitarity, which is a statement that the total probability for an initial
state to transition to any final state must be unity according to conservation of probability,
∑
f
Prob i→f =
∑
f
∣∣ 〈f |S | i 〉 ∣∣2 = 1. (2.2)
This statement has important consequences on scattering amplitudes. We first observe that the
S-matrix must be a unitary operator,
S†S = SS† = 1. (2.3)
From the connectedness structure Eq. (2.4), We define the T -matrix operator as the piece of the
S-matrix which contains interactions, and the identity represents where the particles pass through
without interacting,
S = 1+ iT. (2.4)
The T -matrix operator therefore satisfies the relation
T − T † = iT †T = iTT †, (2.5)
which is the general unitarity relation for the T -matrix operator. We define scattering amplitudes
as matrix elements of the T -matrix, thus the unitarity relation an amplitude for an n→ n′ system
is
2 Im 〈{p′}n′ |T |{p}n〉 =
∑∫ ∏
j
d3kj
(2pi)3 2ωj(kj)
〈{p′}n′ |T † |{k}m〉 〈{k}m|T |{p}n〉 . (2.6)
The states describe a general multiparticle state. A single on-shell scalar particle of mass m and
four-momentum p = (ω(p),p), where ω(p) =
√
m2 + |p|2 is the energy of the particle. The
particle can be represented by the state |p〉, which we choose the relativistic normalization
〈p′|p〉 = (2pi)3 2ω(p) δ(3)(p′ − p). (2.7)
11
s-channel
Bound state
Left hand cuts Unitarity cuts
4m2
<latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc=">AAAI8HichZZbb9owFIDT3crYrd 0e9xINVdrDhEiLtD22hbarqhXa9UJLWOWEA0Q4F2ynXKL8hb2ub9Ne94Mm7d/MCVAnDmiRiIy/z8eHYyfG8LBFWan0d+XBw0ePn6zmnuafPX/x8tXa+usL6vrEhHPTxS5pGIgCthw4ZxbD0PAIINvAcGn0K xG/vAVCLdc5Y2MPWjbqOlbHMhGLusr2t82btUKpWIovNdvQZo2CMrvqN+urf/S2a/o2OMzEiNKmVvJYK0CEWSaGMK/7FDxk9lEXmrzpIBtoK4iTDdUN3tNWOy7hH4epcW9yRIBsSse2wU0bsR6VWdS5iDV9 1vnUCizH8xk45nSijo9V5qrRL1fbFgGT4TFvIJNYPFfV7CGCTMbrk9/YqVYPzw5rx19TExoE9YGF6T7Dxe10V5QNc11M092UV6cH3M3rDgxN17aR0w50xwn5zXV82wASppkFnIHt9QKrCMVQH1EeDCQJGMJ hoOoMRnzNA2Aqwkvd7jwgFLvLJAMGYXTvWk4AAz/eHKEcKHaAN5cZxhDuowytNkTphf+LGo9JRY2/3Y+X/NFoFDa1VsDn6ah6vHsCwkusFjRZHY/HGdXAPixyJ5NJxu0SAGcuE0jqdZ5ztOZGJ6jLoU4EO 5HZkWBHMvME82Q2EGyQzaYvaF8eWRKsJDNtzgw7yFRkUwzclNmWYFsyKwtWlpkjWGYjjAQbZVZSsHFm5QSbyKwhWENmV4JdyexasGuZ7cyYiXCwI8PdBNyVYSUBKzKsJmBVhnsJuCfD/QTcl+FBAh5kdqOZ oJn9eJqApzI8TsDj7I6sJXAtU93ktNn6Gpy6/MyKjrRUqeVyLhYrGXHI4kdbj18pFm5DwJ9pNWP1hNVDbKFjG52pNNscixz3dqrcZ7ZIMuhUik6S6LBz8UKN0plH+YHlsdmdjbGIWgV+BBP4whOqeUAQ4y8 u3bJ5aaK3Z3Boh/qHZRqBuXYKkcb/CWjyuZ9tXGwWtVJROykXtndn/wlyylvlnfJe0ZSPyrbyWakr54qp9JTvyg/lLkdyd7mfuV9T9cHKbMwbJXXlfv8DtrJYkg==</latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc=">AAAI8HichZZbb9owFIDT3crYrd 0e9xINVdrDhEiLtD22hbarqhXa9UJLWOWEA0Q4F2ynXKL8hb2ub9Ne94Mm7d/MCVAnDmiRiIy/z8eHYyfG8LBFWan0d+XBw0ePn6zmnuafPX/x8tXa+usL6vrEhHPTxS5pGIgCthw4ZxbD0PAIINvAcGn0K xG/vAVCLdc5Y2MPWjbqOlbHMhGLusr2t82btUKpWIovNdvQZo2CMrvqN+urf/S2a/o2OMzEiNKmVvJYK0CEWSaGMK/7FDxk9lEXmrzpIBtoK4iTDdUN3tNWOy7hH4epcW9yRIBsSse2wU0bsR6VWdS5iDV9 1vnUCizH8xk45nSijo9V5qrRL1fbFgGT4TFvIJNYPFfV7CGCTMbrk9/YqVYPzw5rx19TExoE9YGF6T7Dxe10V5QNc11M092UV6cH3M3rDgxN17aR0w50xwn5zXV82wASppkFnIHt9QKrCMVQH1EeDCQJGMJ hoOoMRnzNA2Aqwkvd7jwgFLvLJAMGYXTvWk4AAz/eHKEcKHaAN5cZxhDuowytNkTphf+LGo9JRY2/3Y+X/NFoFDa1VsDn6ah6vHsCwkusFjRZHY/HGdXAPixyJ5NJxu0SAGcuE0jqdZ5ztOZGJ6jLoU4EO 5HZkWBHMvME82Q2EGyQzaYvaF8eWRKsJDNtzgw7yFRkUwzclNmWYFsyKwtWlpkjWGYjjAQbZVZSsHFm5QSbyKwhWENmV4JdyexasGuZ7cyYiXCwI8PdBNyVYSUBKzKsJmBVhnsJuCfD/QTcl+FBAh5kdqOZ oJn9eJqApzI8TsDj7I6sJXAtU93ktNn6Gpy6/MyKjrRUqeVyLhYrGXHI4kdbj18pFm5DwJ9pNWP1hNVDbKFjG52pNNscixz3dqrcZ7ZIMuhUik6S6LBz8UKN0plH+YHlsdmdjbGIWgV+BBP4whOqeUAQ4y8 u3bJ5aaK3Z3Boh/qHZRqBuXYKkcb/CWjyuZ9tXGwWtVJROykXtndn/wlyylvlnfJe0ZSPyrbyWakr54qp9JTvyg/lLkdyd7mfuV9T9cHKbMwbJXXlfv8DtrJYkg==</latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc=">AAAI8HichZZbb9owFIDT3crYrd 0e9xINVdrDhEiLtD22hbarqhXa9UJLWOWEA0Q4F2ynXKL8hb2ub9Ne94Mm7d/MCVAnDmiRiIy/z8eHYyfG8LBFWan0d+XBw0ePn6zmnuafPX/x8tXa+usL6vrEhHPTxS5pGIgCthw4ZxbD0PAIINvAcGn0K xG/vAVCLdc5Y2MPWjbqOlbHMhGLusr2t82btUKpWIovNdvQZo2CMrvqN+urf/S2a/o2OMzEiNKmVvJYK0CEWSaGMK/7FDxk9lEXmrzpIBtoK4iTDdUN3tNWOy7hH4epcW9yRIBsSse2wU0bsR6VWdS5iDV9 1vnUCizH8xk45nSijo9V5qrRL1fbFgGT4TFvIJNYPFfV7CGCTMbrk9/YqVYPzw5rx19TExoE9YGF6T7Dxe10V5QNc11M092UV6cH3M3rDgxN17aR0w50xwn5zXV82wASppkFnIHt9QKrCMVQH1EeDCQJGMJ hoOoMRnzNA2Aqwkvd7jwgFLvLJAMGYXTvWk4AAz/eHKEcKHaAN5cZxhDuowytNkTphf+LGo9JRY2/3Y+X/NFoFDa1VsDn6ah6vHsCwkusFjRZHY/HGdXAPixyJ5NJxu0SAGcuE0jqdZ5ztOZGJ6jLoU4EO 5HZkWBHMvME82Q2EGyQzaYvaF8eWRKsJDNtzgw7yFRkUwzclNmWYFsyKwtWlpkjWGYjjAQbZVZSsHFm5QSbyKwhWENmV4JdyexasGuZ7cyYiXCwI8PdBNyVYSUBKzKsJmBVhnsJuCfD/QTcl+FBAh5kdqOZ oJn9eJqApzI8TsDj7I6sJXAtU93ktNn6Gpy6/MyKjrRUqeVyLhYrGXHI4kdbj18pFm5DwJ9pNWP1hNVDbKFjG52pNNscixz3dqrcZ7ZIMuhUik6S6LBz8UKN0plH+YHlsdmdjbGIWgV+BBP4whOqeUAQ4y8 u3bJ5aaK3Z3Boh/qHZRqBuXYKkcb/CWjyuZ9tXGwWtVJROykXtndn/wlyylvlnfJe0ZSPyrbyWakr54qp9JTvyg/lLkdyd7mfuV9T9cHKbMwbJXXlfv8DtrJYkg==</latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc=">AAAI8HichZZbb9owFIDT3crYrd 0e9xINVdrDhEiLtD22hbarqhXa9UJLWOWEA0Q4F2ynXKL8hb2ub9Ne94Mm7d/MCVAnDmiRiIy/z8eHYyfG8LBFWan0d+XBw0ePn6zmnuafPX/x8tXa+usL6vrEhHPTxS5pGIgCthw4ZxbD0PAIINvAcGn0K xG/vAVCLdc5Y2MPWjbqOlbHMhGLusr2t82btUKpWIovNdvQZo2CMrvqN+urf/S2a/o2OMzEiNKmVvJYK0CEWSaGMK/7FDxk9lEXmrzpIBtoK4iTDdUN3tNWOy7hH4epcW9yRIBsSse2wU0bsR6VWdS5iDV9 1vnUCizH8xk45nSijo9V5qrRL1fbFgGT4TFvIJNYPFfV7CGCTMbrk9/YqVYPzw5rx19TExoE9YGF6T7Dxe10V5QNc11M092UV6cH3M3rDgxN17aR0w50xwn5zXV82wASppkFnIHt9QKrCMVQH1EeDCQJGMJ hoOoMRnzNA2Aqwkvd7jwgFLvLJAMGYXTvWk4AAz/eHKEcKHaAN5cZxhDuowytNkTphf+LGo9JRY2/3Y+X/NFoFDa1VsDn6ah6vHsCwkusFjRZHY/HGdXAPixyJ5NJxu0SAGcuE0jqdZ5ztOZGJ6jLoU4EO 5HZkWBHMvME82Q2EGyQzaYvaF8eWRKsJDNtzgw7yFRkUwzclNmWYFsyKwtWlpkjWGYjjAQbZVZSsHFm5QSbyKwhWENmV4JdyexasGuZ7cyYiXCwI8PdBNyVYSUBKzKsJmBVhnsJuCfD/QTcl+FBAh5kdqOZ oJn9eJqApzI8TsDj7I6sJXAtU93ktNn6Gpy6/MyKjrRUqeVyLhYrGXHI4kdbj18pFm5DwJ9pNWP1hNVDbKFjG52pNNscixz3dqrcZ7ZIMuhUik6S6LBz8UKN0plH+YHlsdmdjbGIWgV+BBP4whOqeUAQ4y8 u3bJ5aaK3Z3Boh/qHZRqBuXYKkcb/CWjyuZ9tXGwWtVJROykXtndn/wlyylvlnfJe0ZSPyrbyWakr54qp9JTvyg/lLkdyd7mfuV9T9cHKbMwbJXXlfv8DtrJYkg==</latexit> 9m2
<latexit sha1_base64="Yy8QcYwL7z6HecGqfpJEm/BYpeQ=">AAAI8HichZZbb9owFIDT7 lLGbu32uJdoqNIeJkTaStve2kLbVdUK7XqhJaxywgEinAu2Uy5R/sJe17dpr/tBk/Zv5gSoEwe0SETG3+fjw7ETY3jYoqxU+ru0/ODho8cruSf5p8+ev3i5uvbqgro+MeHcdLFL6gaigC0Hzp nFMNQ9Asg2MFwavXLEL2+BUMt1ztjIg6aNOo7VtkzEoq5P9reNm9VCqViKLzXb0KaNgjK9ajdrK3/0lmv6NjjMxIjShlbyWDNAhFkmhjCv+xQ8ZPZQBxq86SAbaDOIkw3Vdd7TUtsu4R+HqXF vckSAbEpHtsFNG7EulVnUOY81fNb+2Awsx/MZOOZkoraPVeaq0S9XWxYBk+ERbyCTWDxX1ewigkzG65Nf36lUDs8Oq8dfUxMaBPWAhek+w8WtdFeUDXNdTNPdlFenC9zN6w4MTNe2kdMKdMcJ +c11fNsAEqaZBZyB7XUDqwjFUB9SHgwkCRjCYaDqDIZ8zQNgKsIL3c4sIBQ7iyQD+mF071hOAH0/3hyhHCh2gDcXGcYA7qMMrBZE6YX/ixqPSUWNv92Pl/zhcBg2tGbA52mrerx7AsJLrBY0 WR2NRhnVwD7Mc8fjccbtEABnJhNI6jWec7TmRjuoyaFOBDuR2ZFgRzLzBPNk1hesn82mJ2hPHlkSrCQzbcYMO8hUZEMM3JDZpmCbMtsSbEtmjmCZjTAUbJhZScFGmZUTbCyzumB1mV0JdiWza 8GuZbYzZSbCwY4MdxNwV4blBCzLsJKAFRnuJeCeDPcTcF+GBwl4kNmNZoJm9uNpAp7K8DgBj7M7sprA1Ux1k9Nm62tw6vIzKzrSUqWWyzlfLGfEAYsfbT1+pVi4BQF/ptWM1RVWF7G5jm20J9 J0c8xz3NuJcp/ZPMmgEyk6SaLDzsVzNUqnHuUHlsemdzbCImoF+BFM4AtPqOoBQYy/uHTL5qWJ3p7BoR3q7xdpBGbaKUQa/yegyed+tnGxUdRKRe1kq7C9O/1PkFPeKG+Vd4qmfFC2lc9KTTl XTKWrfFd+KHc5krvL/cz9mqjLS9Mxr5XUlfv9D+FuWJc=</latexit><latexit sha1_base64="Yy8QcYwL7z6HecGqfpJEm/BYpeQ=">AAAI8HichZZbb9owFIDT7 lLGbu32uJdoqNIeJkTaStve2kLbVdUK7XqhJaxywgEinAu2Uy5R/sJe17dpr/tBk/Zv5gSoEwe0SETG3+fjw7ETY3jYoqxU+ru0/ODho8cruSf5p8+ev3i5uvbqgro+MeHcdLFL6gaigC0Hzp nFMNQ9Asg2MFwavXLEL2+BUMt1ztjIg6aNOo7VtkzEoq5P9reNm9VCqViKLzXb0KaNgjK9ajdrK3/0lmv6NjjMxIjShlbyWDNAhFkmhjCv+xQ8ZPZQBxq86SAbaDOIkw3Vdd7TUtsu4R+HqXF vckSAbEpHtsFNG7EulVnUOY81fNb+2Awsx/MZOOZkoraPVeaq0S9XWxYBk+ERbyCTWDxX1ewigkzG65Nf36lUDs8Oq8dfUxMaBPWAhek+w8WtdFeUDXNdTNPdlFenC9zN6w4MTNe2kdMKdMcJ +c11fNsAEqaZBZyB7XUDqwjFUB9SHgwkCRjCYaDqDIZ8zQNgKsIL3c4sIBQ7iyQD+mF071hOAH0/3hyhHCh2gDcXGcYA7qMMrBZE6YX/ixqPSUWNv92Pl/zhcBg2tGbA52mrerx7AsJLrBY0 WR2NRhnVwD7Mc8fjccbtEABnJhNI6jWec7TmRjuoyaFOBDuR2ZFgRzLzBPNk1hesn82mJ2hPHlkSrCQzbcYMO8hUZEMM3JDZpmCbMtsSbEtmjmCZjTAUbJhZScFGmZUTbCyzumB1mV0JdiWza 8GuZbYzZSbCwY4MdxNwV4blBCzLsJKAFRnuJeCeDPcTcF+GBwl4kNmNZoJm9uNpAp7K8DgBj7M7sprA1Ux1k9Nm62tw6vIzKzrSUqWWyzlfLGfEAYsfbT1+pVi4BQF/ptWM1RVWF7G5jm20J9 J0c8xz3NuJcp/ZPMmgEyk6SaLDzsVzNUqnHuUHlsemdzbCImoF+BFM4AtPqOoBQYy/uHTL5qWJ3p7BoR3q7xdpBGbaKUQa/yegyed+tnGxUdRKRe1kq7C9O/1PkFPeKG+Vd4qmfFC2lc9KTTl XTKWrfFd+KHc5krvL/cz9mqjLS9Mxr5XUlfv9D+FuWJc=</latexit><latexit sha1_base64="Yy8QcYwL7z6HecGqfpJEm/BYpeQ=">AAAI8HichZZbb9owFIDT7 lLGbu32uJdoqNIeJkTaStve2kLbVdUK7XqhJaxywgEinAu2Uy5R/sJe17dpr/tBk/Zv5gSoEwe0SETG3+fjw7ETY3jYoqxU+ru0/ODho8cruSf5p8+ev3i5uvbqgro+MeHcdLFL6gaigC0Hzp nFMNQ9Asg2MFwavXLEL2+BUMt1ztjIg6aNOo7VtkzEoq5P9reNm9VCqViKLzXb0KaNgjK9ajdrK3/0lmv6NjjMxIjShlbyWDNAhFkmhjCv+xQ8ZPZQBxq86SAbaDOIkw3Vdd7TUtsu4R+HqXF vckSAbEpHtsFNG7EulVnUOY81fNb+2Awsx/MZOOZkoraPVeaq0S9XWxYBk+ERbyCTWDxX1ewigkzG65Nf36lUDs8Oq8dfUxMaBPWAhek+w8WtdFeUDXNdTNPdlFenC9zN6w4MTNe2kdMKdMcJ +c11fNsAEqaZBZyB7XUDqwjFUB9SHgwkCRjCYaDqDIZ8zQNgKsIL3c4sIBQ7iyQD+mF071hOAH0/3hyhHCh2gDcXGcYA7qMMrBZE6YX/ixqPSUWNv92Pl/zhcBg2tGbA52mrerx7AsJLrBY0 WR2NRhnVwD7Mc8fjccbtEABnJhNI6jWec7TmRjuoyaFOBDuR2ZFgRzLzBPNk1hesn82mJ2hPHlkSrCQzbcYMO8hUZEMM3JDZpmCbMtsSbEtmjmCZjTAUbJhZScFGmZUTbCyzumB1mV0JdiWza 8GuZbYzZSbCwY4MdxNwV4blBCzLsJKAFRnuJeCeDPcTcF+GBwl4kNmNZoJm9uNpAp7K8DgBj7M7sprA1Ux1k9Nm62tw6vIzKzrSUqWWyzlfLGfEAYsfbT1+pVi4BQF/ptWM1RVWF7G5jm20J9 J0c8xz3NuJcp/ZPMmgEyk6SaLDzsVzNUqnHuUHlsemdzbCImoF+BFM4AtPqOoBQYy/uHTL5qWJ3p7BoR3q7xdpBGbaKUQa/yegyed+tnGxUdRKRe1kq7C9O/1PkFPeKG+Vd4qmfFC2lc9KTTl XTKWrfFd+KHc5krvL/cz9mqjLS9Mxr5XUlfv9D+FuWJc=</latexit><latexit sha1_base64="Yy8QcYwL7z6HecGqfpJEm/BYpeQ=">AAAI8HichZZbb9owFIDT7 lLGbu32uJdoqNIeJkTaStve2kLbVdUK7XqhJaxywgEinAu2Uy5R/sJe17dpr/tBk/Zv5gSoEwe0SETG3+fjw7ETY3jYoqxU+ru0/ODho8cruSf5p8+ev3i5uvbqgro+MeHcdLFL6gaigC0Hzp nFMNQ9Asg2MFwavXLEL2+BUMt1ztjIg6aNOo7VtkzEoq5P9reNm9VCqViKLzXb0KaNgjK9ajdrK3/0lmv6NjjMxIjShlbyWDNAhFkmhjCv+xQ8ZPZQBxq86SAbaDOIkw3Vdd7TUtsu4R+HqXF vckSAbEpHtsFNG7EulVnUOY81fNb+2Awsx/MZOOZkoraPVeaq0S9XWxYBk+ERbyCTWDxX1ewigkzG65Nf36lUDs8Oq8dfUxMaBPWAhek+w8WtdFeUDXNdTNPdlFenC9zN6w4MTNe2kdMKdMcJ +c11fNsAEqaZBZyB7XUDqwjFUB9SHgwkCRjCYaDqDIZ8zQNgKsIL3c4sIBQ7iyQD+mF071hOAH0/3hyhHCh2gDcXGcYA7qMMrBZE6YX/ixqPSUWNv92Pl/zhcBg2tGbA52mrerx7AsJLrBY0 WR2NRhnVwD7Mc8fjccbtEABnJhNI6jWec7TmRjuoyaFOBDuR2ZFgRzLzBPNk1hesn82mJ2hPHlkSrCQzbcYMO8hUZEMM3JDZpmCbMtsSbEtmjmCZjTAUbJhZScFGmZUTbCyzumB1mV0JdiWza 8GuZbYzZSbCwY4MdxNwV4blBCzLsJKAFRnuJeCeDPcTcF+GBwl4kNmNZoJm9uNpAp7K8DgBj7M7sprA1Ux1k9Nm62tw6vIzKzrSUqWWyzlfLGfEAYsfbT1+pVi4BQF/ptWM1RVWF7G5jm20J9 J0c8xz3NuJcp/ZPMmgEyk6SaLDzsVzNUqnHuUHlsemdzbCImoF+BFM4AtPqOoBQYy/uHTL5qWJ3p7BoR3q7xdpBGbaKUQa/yegyed+tnGxUdRKRe1kq7C9O/1PkFPeKG+Vd4qmfFC2lc9KTTl XTKWrfFd+KHc5krvL/cz9mqjLS9Mxr5XUlfv9D+FuWJc=</latexit>
u-channel
Bound state
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Figure 2.1: Analytic structure of a 2 → 2 amplitude in the complex s-plane at fixed t. From the
kinematic relation s+ t+u = 4m2, the u-channel thresholds (2m)2, (3m)2, . . . manifest themselves
as s-channel left hand cuts.
Multiparticle states can be constructed via the tensor product, e.g. a two particle state |p1p2〉 =
|p1〉⊗|p2〉 for distinguishable particles and |p1p2〉 = (|p1〉⊗|p2〉+ |p2〉⊗|p1〉)/
√
2. Unitarity fixes
the imaginary part of the scattering amplitude, and shows that for each new intermediate state,
a branch cut occurs starting at the threshold for the state. For a two-particle scattering system,
this is shown pictorially in Fig 2.1.
2.2 ELASTIC 2→ 2 SCATTERING
As an application of scattering theory, let us consider the elastic scattering of two hadrons. For
simplicity, we assume that both hadrons are pseudoscalar particles with equal mass m, e.g. elastic
pipi scattering. We also assume that we are interested in an energy window 2m ≤ E? < E?inel, where
E?inel is the first inelastic threshold. The elastic 2→ 2 scattering amplitude is defined as
〈q′?|T |q?〉 = (2pi)4δ(4)(P ′ − P )M(q′?,q?), (2.8)
where we defined the amplitude in terms of its CMF variables. Here, q? and q′? are the initial and
final CMF relative momenta, with magnitude
q? = |q?| = |q′?| = 1
2
√
s− 4m2. (2.9)
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Figure 2.2: Diagrammatic representation of the elastic 2 → 2 unitarity condition, Eq. (2.10).
The grey blob represents the 2 → 2 amplitude M while the dotted vertical line represents the
cut putting the intermediate particles on-shell. Amplitudes to the left of the cut are complex
conjugated.
The scattering angle between the initial and final state, Θ?, is defined via cos Θ? = qˆ′? · qˆ?. The
elastic 2→ 2 unitarity relation
ImM(q′?,q?) = ρ(s)
∫
dkˆ?
4pi
M∗(q′?,k?)M(k?,q?) Θ(√s− 2m) (2.10)
where ρ(s) is defined as the two body phase space,
ρ(s) =
1
16pi
q?√
s
=
1
32pi
√
1− 4m
2
s
. (2.11)
Equation (2.10) can be represented diagrammatically, as shown in Fig. 2.2.
We can simplify the unitarity relation by introducing a basis that diagonalizes the equation.
The two particle state is a reducible representation of the orthochronus Poincare´ group. We can
write the two particle state in an irreducible representation by projecting the orientation of the
state into definite angular momentum quantum numbers,
|q?, qˆ?〉 =
√
4pi
∞∑
`=0
∑`
m`=−`
Y ∗`m`(qˆ
?) |q?, `m`〉 , (2.12)
where ` is the total angular momentum of the system, m` is the projection along some predefined
axis, and Y`m`(qˆ
?) = 〈qˆ?|`m`〉 is a spherical harmonic which characterizes the rotational depen-
dence of the state. The factor
√
4pi is for convenience. Effectively, |q?, `m`〉 represents a state of
invariant mass
√
s and “spin” `. Projecting the initial and final state into definite angular momenta
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results in the partial wave expansion (PWE)
M(q′?,q?) = 4pi
∞∑
`=0
M`(s)
∑`
m`=−`
Y`m`(qˆ
′?)Y ∗`m`(qˆ
?), (2.13)
whereM` is the partial wave amplitude, which depends only on the invariant mass of the system.
Note that since the total angular momentum is conserved, the partial wave amplitude is diagonal
in `, and independent of m` as is easily seen by the Wigner-Eckart theorem,
M`′m′`;`m`(s) = δ`′`δm′`m`M`(s). (2.14)
The PWE separates the rotational dependence of the amplitude into known functions. Recall that
the amplitude is crossing symmetric, i.e. the same amplitude describes the physics of the s-, t-, and
u-channel processes. The partial wave amplitudeM`(s), however, depends only on s and thus only
describes s-channel singularities. The t-channel dependence is encoded in the angular dependence,
which is described by the spherical harmonics which are regular functions. To recover singularities
in the crossed channel, e.g. the t-channel, one must sum the infinite series. An illustration of
recovering singularities from an infinite sum is the geometric series
∑∞
j=0 z
j = (1− z)−1, where a
pole singularity exist at z = 1.
Using the orthonormality properties of the spherical harmonics, the PWE diagonalizes the
elastic unitarity relation
ImM`(s) = ρ(s)
∣∣M`(s)∣∣2 Θ(√s− 2m), (2.15)
which is an algebraic equation known as the elastic partial wave unitarity relation. The unitarity
relation provides a powerful tool in restricting the forms of scattering amplitudes. We would expect
to provide one complex number (two real numbers) for each value of s. Equation (2.15) however,
fixes the imaginary part, implying one real number is needed to determine the amplitude for each s.
We introduce the phase shift δ`(s) viaM`(s) = |M`(s)|eiδ`(s), and fix the magnitude via Eq. (2.15)
to attain the phase shift formula
M`(s) = 1
ρ(s)
eiδ`(s) sin δ`(s). (2.16)
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To specify any particular scattering process, one needs to determine the scattering phase shift. An
alternative representation of the on-shell partial wave amplitude is the K-matrix,
M`(s) = K`(s) 1
1− iρ(s)K`(s) , (2.17)
where K` is a real function in the elastic kinematic region. The K-matrix representation shows
some main features of the partial wave amplitude. First, the kinematics for on-shell pair production
is encoded in the two-body phase space factor. Second, the form shows that an infinite sum of
rescatterings has been taken, which is known as unitarization. Finally, the K-matrix representation
is independent of any specific process or theory. The K-matrix itself contains all the dynamical
information for a specific process, e.g. from ChiPT, QCD, etc.. In order to ensure no poles exist
on the first Riemann sheet, one can introduce the K-matrix parameterization
K−1` (s) = c(0)` − c(1)` s−
∑
j
c
(2)
`,j
c
(3)
`,j − s
, (2.18)
where the c` coefficients are real parameters, all positive definite. The terms in the j-sum are
called CDD poles [51], and the first two terms combined is called a CDD pole at infinity. Other
parameterizations exist which are commonly found in the literature. The K-matrix representation
is useful for analytical continuation, as will be discussed in Sec. 2.4.
2.3 INCLUDING ANALYTICITY
So far, we have only considered unitarity is constructing a representation for the scattering ampli-
tude. We can improve the description by writing a dispersive representation for the amplitude. It
is useful to rewrite the unitarity relation in terms of the inverse amplitude
ImM−1` (s) = −ρ(s) Θ(
√
s− 2m). (2.19)
We can use Cauchy’s theorem [?] to then write a dispersive representation for the inverse amplitude,
M−1` (s) = C−1` (s)−
s
pi
∫ ∞
4m2
ds′
ρ(s′)
s′(s′ − s− i) . (2.20)
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where we have explicitly included the prescription s + i to avoid the branch cut. The function
C` is a real function which contains the short range dynamics of the system. Note that since
ρ(s) → constant as s → ∞, the dispersion relation requires at least one subtraction in order to
ensure a UV finite quantity. This is equivalent to choosing a renormalization scheme in perturbative
QFT’s. Any subtraction constant introduced can be absorbed into the real quantity that defines
the specific interaction. The K-matrix and C are related via
K−1` (s) = C−1` (s)−
s
pi
P
∫ ∞
4m2
ds′
ρ(s′)
s′(s′ − s) . (2.21)
We see the difference is a real function, which in undetermined by unitarity but explicitly given
from considering its analyticity properties. As indicated, unitarity only determines the imaginary
part of the amplitude, but K` allows the flexibility to introduce expected behavior of the amplitude.
Alternatively, knowing that the first sheet amplitudes have both right and left hand cuts, we
can write a dispersive representation for the full amplitude as
M`(s) = 1
pi
∫
L
ds′
ImM`(s′)
s′ − s +
1
pi
∫ ∞
4m2
ds′
ρ(s′)|M`(s′)|2
s′ − s , (2.22)
where subtractions can be included as needed. This nonlinear integral equation is difficult to solve,
however, we may use the N/D techniques of Ref. [52] to linearize the equations. We write the
amplitude as the ratio
M`(s) = N`(s)/D`(s), (2.23)
where N` contains all the left hand cuts, and D` contains all the right hand cuts. Then, given a
specific model for N`, i.e. some exchange process, the D` function can be reconstructed via the
integral
D`(s) = D
(0)
` (s)−
1
pi
∫ ∞
sth
ds′
ρ(s′)N`(s′)
s′ − s− i , (2.24)
where D
(0)
` (s) is a real function that represents the CDD poles [51].
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(a)
(b)
Figure 2.3: Analytic structure of partial wave amplitudes in the Complex s-plane. The first
Riemann sheet (a) contains the unitarity cut beginning at the threshold 4m2, possible bound
state poles, and left hand cuts stemming from exchange processes. The second Riemann sheet
(b) contains the unitarity and left hand cuts, as well as potential virtual state and resonance
poles. Note that resonance poles come in pairs, however only the one nearest the physical region
is contributes dominantly to the real axis lineshape.
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2.4 RESONANCES
The partial wave amplitude is an analytic function in the complex s-plane except for bound state
poles on the real axis, the unitarity cut starting at the branch point s = 4m2, and “left-hand
cuts” arising from partial wave projections of crossed-channel diagrams 1. Since resonance poles
must have a finite imaginary part, their poles are expected to lie somewhere in the upper or lower
complex s-plane. However, as we have seen from the principle of causality, the scattering amplitude
cannot have complex poles in the s-plane. Thus, resonance poles must lie on the unphysical sheet,
close to the physical region. The second sheet amplitude is continuously connected to the first
sheet amplitude through the unitarity cut,
M`(s+ i) =MII` (s− i), (2.25)
for s > 4m2. Using this property, and the unitarity relation can be reexpressed in terms of the
difference of the first and second sheet amplitudes,
MII` (s− i) =M`(s− i) + ∆sM`(s), (2.26)
since unitarity relates the discontinuity across the branch cut, 2i ImM`(s) =M(s+i)−M(s−i).
This yields the continuation of the first sheet amplitude as
MII` (s) =M`(s)
1
1 + 2i ρ(s)M`(s) . (2.27)
Since M` has no poles, the only case where a pole can develop is when
1 + 2i ρ(sR)M`(sR) = 0, (2.28)
where sR is the location of the resonance pole. It is convention to define the resonance mass mR
and width ΓR as
√
sR = mR − i
2
ΓR (2.29)
1These cuts in general could be complicated, such as the circular cut arising from projecting the one-particle
exchange diagram.
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The residue at the pole characterizes the coupling strength, g` ,R, of the resonance to the channel,
Res(MII` ; s→ sR) =
1
2pii
∮
γ
ds′MII` (s′) ≡ g2` ,R, (2.30)
where γ is a contour in the s′-plane which encloses only the resonance pole sR. A resonance then
has the following properties: A mass mR = Re
√
sR, decay width ΓR = −2 Im√sR, a spin `, a
coupling g` ,R, and parity P = (−1)`. Figure 2.3 shows a cartoon of the various singularities on
the first and second Riemann sheet.
We have seen that we can constrain the form of the scattering amplitude into a analytic function
in the complex s-plane, which depends on a real function which contains the dynamics of the system.
In practical hadronic processes, we do not know K, however we can parameterize the function with
some simple, flexible form and fit the function to experimental data. Then, the function may be
analytically continued using the unitarity relation, and resonance parameters can be determined.
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Chapter 3
RESONANCE PRODUCTION
Having discussed key results of scattering theory, we now apply these results to determine properties
of hadrons from experimental data. Our focus is on η(′)pi resonant hadroproduction, specifically
we use the COMPASS dataset to benchmark these methods. In 2014, COMPASS published high-
statistics partial wave analyses of the pi−p → η(′)pi−p reaction, at pbeam = 191 GeV [15]. The
odd angular-momentum waves have exotic quantum numbers and exhibit structures that may be
compatible with a hybrid meson [53]. The even waves show strong signals of non-exotic resonances.
In particular, the D-wave of ηpi, with IG(JPC) = 1−(2++), is dominated by the peak of the
a2(1320) and its Breit-Wigner parameters were extracted and presented in Ref. [15]. The D-wave
also exhibits a hint of the first radial excitation, the a′2(1700) [6].
Using the 2014 COMPASS measurement as input, the model is fitted to the results of the
mass-independent analysis that was performed in 40 MeV wide bins of the ηpi mass. The a2 and a
′
2
resonance parameters are extracted in the single-channel approximation and the coupled-channel
effects are estimated by including the ρpi final state. We determine the statistical uncertainties
by means of the bootstrap method [?, 54–57], and assess the systematic uncertainties in the pole
positions by varying model-dependent parameters in the reaction amplitude. We then briefly
discuss a natural extension of the model to include η′pi in a coupled channel analysis. The exotic
P -wave channel was investigated, and a determination of a light hybrid meson candidate was
determined [5].
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3.1 ηpi RESONANCE PRODUCTION
We define the ηpi production amplitude as
〈η(p1)pi−(p2)N(pd, µ′)|T |pi−(pa)N(pb, µ)〉
= (2pi)4δ(4)(P ′ − P )Aµ′µ(s, t,mηpi, tηpi, spiN ), (3.1)
where P = pa + pb and P
′ = p1 + p2 + pd are the initial and final total four-momenta, and
the production amplitude Aµ′µ(s, t,mηpi, tηpi, spiN ) depends on the helicities of the initial and final
nucleons, and five kinematic variables, which we take to be the total invariant CMF energy squared
s = (pa + pb)
2, the total invariant momentum transfer squared t = (pb − pd)2, the invariant mass
of the ηpi system mηpi =
√
(p1 + p2)2, the invariant momentum transfer between the initial pi and
final η, tηpi = (pa−p1)2, and the invariant mass between the final state pi and N , spiN = (p2 +pd)2.
We will see below that we can trade two of these invariants for the orientation of the η-meson,
which will be useful for partial wave analysis.
We choose to work in the Gottfried-Jackson (GJ) frame [58], which is the rest frame of the final
state ηpi system. The nucleon helicities are defined in this frame. In this chapter, we will denote
all kinematic variables in the GJ frame via a ?, e.g. the total ηpi momentum is P?ηpi = p
?
1 +p
?
2 = 0.
We define the GJ z-axis along the direction of the initial pi-beam, z ||p?a, and define GJ xy-plane
as the plane in which the pi-beam, target nucleon, and recoil nucleon all lie, y ||p?b ×p?d. In the GJ
frame, the produced pi recoils against the η such that p?1 = −p?2 ≡ q?, where the magnitude of the
relative momentum q? is
q? = |q?| = 1
2mηpi
λ1/2(m2ηpi,m
2
η,m
2
pi), (3.2)
where λ(a, b, c) = a2 + b2 + c2 − 2(ab+ bc+ ca) is the Ka¨lle´n kinematic function [59], and has an
orientation qˆ? = (θ?, ϕ?), where θ? is the polar angle with respect to the z-axis, and ϕ? is the
azimuthal angle.
The reaction occurs at a fixed beam energy of Plab = 190 GeV/c, which implies that the total
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invariant CMF energy is
s = m2pi +m
2
N + 2mN
√
m2pi + P
2
lab ≈ 380 GeV2. (3.3)
At such energies, the ηpi system is produced diffractively, i.e., the system is dominated by Pomeron
(P) exchange [60], and no quantum numbers are exchanged with the target. The produced ηpi
system are produced nearly collinearly with the beam, and is in the resonance region, i.e. (mη +
mpi) ≤ mηpi . 2 GeV. Therefore, we assume this system is in the singe Regge limit, which is where
s, spiN →∞, while spiN/s is fixed. The energies of the five particles, in terms of invariants, are
ω?a =
m2ηpi +m
2
pi − t
2mηpi
(3.4a)
ω?b =
s−m2pi −m2N + t
2mηpi
−→ s
2mηpi
(3.4b)
ω?d =
s−m2ηpi −m2N
2mηpi
−→ s
2mηpi
(3.4c)
ω?1 =
m2ηpi +m
2
η −m2pi
2mηpi
(3.4d)
ω?2 =
m2ηpi +m
2
pi −m2η
2mηpi
, (3.4e)
where the asymptotic forms in Eqs. (3.4b) and (3.4c) reflect the single Regge limit. The invariant
tηpi is related to the polar angle θ
? via
tηpi = m
2
pi +m
2
η −
1
2m2ηpi
(m2ηpi +m
2
pi − t)(m2ηpi +m2η −m2pi)
+
1
2m2ηpi
λ1/2(m2ηpi,m
2
pi, t)λ
1/2(m2ηpi,m
2
η,m
2
pi) cos θ
?, (3.5)
and the invariant spiN is related to the azimuthal angle, which in the single Regge limit, one finds
2m2ηpispiN
s
= m2ηpi +m
2
η −m2η +
λ1/2(m2ηpi,m
2
pi,m
2
η)
λ1/2(m2ηpi,m
2
pi, t)
(m2pi −m2ηpi − t) cos θ?
+
λ1/2(m2ηpi,m
2
pi,m
2
η)
λ1/2(m2ηpi,m
2
pi, t)
√
−4tm2ηpi
√
1− cos2 θ? cosϕ?. (3.6)
High-energy diffractive production allows us to assume factorization the amplitude into a a
nuclear vertex and a piP → ηpi amplitude, which resembles an ordinary helicity amplitude [61].
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It is a function of mηpi and tηpi, as well as the total energy and the momentum transfer between
the nucleon target and recoil. In the GJ frame, the Pomeron helicity in piP → ηpi equals the ηpi
total angular momentum projection M , and the helicity amplitudes aM (s, t, t1) can be expanded
in partial waves aJM (s, t) with total angular momentum J = L. The allowed quantum numbers of
the ηpi partial waves are JP = 1−, 2+, 3−, . . .. The Pomeron exchange has natural parity. Parity
relates the amplitudes with opposite spin projections, e.g. AJM = −AJ −M [62]. That is, the
M = 0 amplitude is forbidden and the two M = ±1 amplitudes are given, up to a sign, by a single
scalar function.
The assumption about the Pomeron dominance can be quantified by the magnitude of unnatural
partial waves. In the analysis of ref. [15], the magnitude of the L = M = 0 wave was estimated
to be < 1%, and it also absorbs other possible reducible backgrounds. The patterns of azimuthal
dependence in the central production of mesons [63–67] indicate that at low momentum transfer,
t ∼ 0, the Pomeron behaves as a vector [68, 69], which is in agreement with the strong dominance
of the |M | = 1 component in the COMPASS data. 1 We are unable to further address the nature
of the exchange from the data of ref. [15] since they are integrated over the momentum transfer
t 2. However, from this single energy analysis we cannot be sure the exchange is purely Pomeron.
Analyses such as Ref. [72] suggest there could be an f exchange, but for our analysis the natural
parity exchanges will be similar, so we consider an effective Pomeron which may be a mixture of
pure Pomeron and f . We note here that COMPASS has published data in the 3pi channel, which
are binned both in 3pi invariant mass and momentum transfer t [17].
The COMPASS mass-independent analysis [15] is restricted to partial waves with L = 1 to 6
and |M | = 1 (except for the L = 2 where also the |M | = 2 wave is taken into account). The lowest
mass exchanges in the crossed channels of piP → ηpi correspond to the a (in the tηpi channel) and
1At low t, the Pomeron trajectory passes through J = 1, while at larger, positive t, the trajectory is expected to
pass though J = 2 where it would relate to the tensor glueball [70,71].
2For example, Ref. [72] suggested a dominance of f2 exchanges for a2(1320) production. To probe this, one should
analyze the t and total energy dependences.
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Figure 3.1: The reaction plane for η−N → ηpi−N in the Gottfried-Jackson (GJ) frame. The pi-
beam momentum is oriented alond the z-axis, with the nucleon target and recoil momenta lying
in the xz-plane. The η momentum has an orientation qˆ? = (θ?, ϕ?) with respect to the z-axis.
the f (in the uηpi channel) trajectories, thus higher partial waves are not expected to be significant
in the ηpi mass region of interest, mηpi < 2 GeV. However, the systematic uncertainties associated
with an analysis based on a truncated set of partial waves is hard to estimate.
The differential cross section in the ηpi invariant mass is given by
dσ
dmηpi
=
1
4(4pi)4
(
~c
mNPlab
)2 ∑
J,M,
∫ t+
t−
dt q?
∑
µ,µ′
∣∣AJMµ′µ (s, t,mηpi)∣∣2
≡
∑
J,M,
IJM(s,mηpi) (3.7)
where we define IJM as the intensity distribution, which corresponds to the quantity measured
at COMPASS. The amplitude is expanded in the reflectivity basis [62],
Aµ′µ(s, t,mηpi) =
∑
J,M,
AJMµ′µ (s, t,mηpi)Y JM (θ?, ϕ?), (3.8)
where the reflectivity basis spherical harmonics are defined via the linear combination
Y JM (θ
?, ϕ?) = cM
[
YJM (θ
?, ϕ?)− P (−1)J−MYJ−M (θ?, ϕ?)
]
, (3.9)
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where cM = 1/
√
2 for M = 0 and cM = 1/2 for M 6= 0, and the combination P (−1)` = η is the
naturality of the state c, since recall ` = J for the two pseudoscalars in the final state. When
η = −, then m` = 0. The reflectivity-spherical harmonics are orthonormalized according to∫
dΩY `m`(Ω)Y
′ ∗
`′m′`
(Ω) = δ``′δm`m′`δ′ . (3.10)
Two pseudoscalars can only form a state with positive naturality, so η = P (−1)` = + always. We
can then write a simplified form for the reflectivity-spherical harmonics
Y +`m`(Ω) = 2icmY`m`(θ, 0) sinm`φ (3.11)
Y −`m`(Ω) = 2cmY`m`(θ, 0) cosm`φ. (3.12)
Note that the reflectivity does not enter into the elastic partial wave amplitudes, as they are
independent of the spin projection due to the Wigner-Eckart theorem. the reflectivity  = ± for
bosons, and the spin projection is restricted 0 ≤ m` ≤ `. We choose the reflectivity  to be equal
to the naturality of the t-channel exchange for the s-channel a + b → c + d, where the state c is
the (12) two-particle state with quantum numbers JPC .
3.1.1 PRODUCTION MODEL
At zero momentum transfer, the Pomeron exchange has a Regge pole αP(0) ' 1. Therefore, since
we are interested in the small t-region, we will assume that the coupling of the effective Pomeron
is that of a vector particle. This means that we will treat the spin-parity of our effective Pomeron
as JP = 1−. We denote the ηpi resonance as X, where the resonance has spin-parity JP , spin
projection M , a mass mηpi, and a momentum pc = Pηpi = p1 + p2. Assuming factorization of the
t-channel Reggeon, we can write the production amplitude in terms of three vertices: The initial
meson-production vertex (piP→ X), the final meson-production vertex (X → ηpi), and the nuclear
vertex (N → PN). This is shown in Fig. 3.2.
The initial meson-production vertex has the form
VJλPM (piP→ X) = εµναβ1pµc νλP(PP)pαa β1···βJ ∗M (pc)pβ2a · · · pβJa , (3.13)
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<latexit sha1_base64="q421e+WLR3JWWrTbTP/hhTA4gDQ=">AAAR unicvZhbb9s2FMfV7tZ6l8bb416EOQHaYjPsJFuHYQ9N4jRxc22cWxMFASnRFhHdQlJNUkHfYk8Dtu+1b7ND2Rkp0h66lwlITJ/fnzzkIXlEGmc R5aLT+evBw48+/uTTzx49bnz+xZdfPZlrfn3M05z55MhPo5SdYsRJRBNyJKiIyGnGCIpxRE7w1ZrkJ+8I4zRNDsVdRi5iNErokPpIgOls92l2ib/ 34vzZ5Vyr0+5Uj2sXupNCy5k8+5fNud+9IPXzmCTCjxDn591OJi4KxAT1I1I2vJyTDPlXaETOoZigmPCLoupy6S6AJXCHKYO/RLiVVa9RoJjzux iDMkYi5CaTxmnsPBfDny8KmmS5IIk/djTMI1ekrhy/G1BGfBHdQQH5jEJfXT9EDPkCotRYWOn1+of9vd1BzSFm6IqIsm7DaRTUTbI3Ik0jXjdzi E5IQNtY+ICnsfB4EKZM+LngH1ahseD2BYqoD5FIyI2fxjFKgsKjq2UB/4W7WpYG6U1IzyJbE7JlkcGEDCxyOCGHpRyjuwqBGSKfuA2PEV2IysKT McLDAslG6hQrim3qK+rbNFA0sOmVoldm5zPFMpNdK3Ztt8oUZWbNW8VuTXan2J3J3iv23mRbim3ZvdlXdN+s+UaxNyY7VezUZG8Ve2uyM8XOTNZR rGOyrmJdky0qtmiyJcWWTLas2LLJEsUSk8WKxZOlG8GexSliQbWK6/I0IfcVcGz3/gBjDR+YeK2G10y8W8O71hTWsDWLZzV8Nh7MGuSEEUNZCDm uLl+5300+iooVs7FVnVq5Y02n1jB6OrWyy7pO1036SqevTLqh0w2Tbup006R9nfZN+lqnr61tp1MrK27rdNukOzrdsaZcp9aM7+l0z6T7OrU3vE 6txXKgU2udDnRq5fpDnR6a9EinRyY91umxSU90emKlKZ3aiUqndqrSabU3YHPswHd3LyMMiRRe/F6PwCGGEWm+t0KKhw1/II8yUymF/NGPZ1EB74 dDNp0+hzDncT8RZbHQcF133LswpT6R3yHVpHLvJsW8F1CeReiOi7uIeDyP5z2feSENyA0NRGhwmoh5BUEJg9Wb8xiinOD0tmh3l72Q0FEIXfA4B GZsfVGCS0FuhfJXloZHhf+Du8Vp3n6S3jicwjLTX91c+fkfWjfWDcK8PO9eFB5JeM6InKPCi+A0LVpdj8lPc6XdV5BHQ3l6TaPCbXVd672Dh2Pd 5OUzTZO+G0tS8CMP91NFN2IsgvgTQaNghipUqhCJqRpOY3L9nrDUHvEtk6FFjKU35y0JQw4nW/K8aP/ow2vT7ZTebWUxm+STaEyCrUJ+3wO5Dzd YmmfchRruSjQicNI2TrE8FzcpTCWUhu7gqHy6+Gze9JSLkBGii5amiHZ1wa4lQPeeqmkZwpG/4Pk0d0j5q0ttp2jstS6rXMPQt+EOlrgIY0be0eo +ZgzdhwOzj9rTw+sPAQ5nQDIqC9IezaICMiL8m4EpjIy2yczKKJK1XRQpBYxm/RaSG5W3QWMUGGEEuXAVrSI2vUlMIrgwFqvyY5aC9/ugWB/0+/ +iuJfM0Mhralmsba8MuoszFGmcwVUWRHs7+yuDwXTVKMoJnPA34ON0uiIKIcLbm2szKa4w1gO4Q7lf1wUwxVW6ZXEBZfNkK4+2SZrkMSbMYAEd6 nXt6wLcnot/OHyx8sENLNvB/A/mbUma9y1zIM09yzyU5leWGRN5scJkRJOCXOfVyjf9k0pDoDhLkaSC8CoCNAlg1UGLQ3e3Mv5SXs61uuZvF3bh eLHdXWp33yy3XvYmv2s8cr51vnOeOl3nhfPS2XT2nSPHdxLnN+cP58/mr03cpM2rsfThg0mdb5za0xR/A4Aoqhg=</latexit>
N(pd, µ
0)
<latexit sha1_base64="oPcH93ypHGTPDlA2Gy6r6FfRG+c=">AAARu3icvZhbb9s2FMfVXVvvlmyPexGWBGuLzbCTbB0GDGgSp4mba2Pn0kRB QEm0xUUSFZJqnAr6GHvZw/a59m12KDsjRdpD9zIBienz+5OHPCSPSPtZTLhotf568N77H3z40ccPHzU++fSzz7+Ym//yhNOcBfg4oDFlZz7iOCYpPhZExPgsYxglfoxP/esNyU/fYMYJTfviLsOXCRqmZEACJMB0sf84uwq/85L82ydXcwutZqt6XLvQnhQWnMlzeDU/97sX0iBPcCqCGHF+0W5l4r JATJAgxmXDyznOUHCNhvgCiilKML8sqj6X7hJYQndAGfylwq2seo0CJZzfJT4oEyQibjJpnMYucjH46bIgaZYLnAZjR4M8dgV1ZQDckDAciPgOCihgBPrqBhFiKBAQpsbSWqfT7XcP9ns1hz5D11iUdZtP47Bukr0RlMa8buYQnQiDtrH0Dk9j6VEvokwEueDvVqGx5HYFikkAkUjxbUCTBKVh4ZH1s oD/wl0vS4N0JqRjkZ0J2bFIb0J6FulPSL+UY3TXITADFGC34TGsC1FZeDJG/qBAspE69RX1bRooGtg0VDS06bWi12bnM8Uyk90odmO3yhRlZs2RYiOT3Sl2Z7K3ir012Y5iO3ZvDhU9NGu+UuyVyc4UOzPZa8Vem+xcsXOTtRRrmaytWNtky4otm2xFsRWTrSq2arJUsdRkiWLJZOnGsGd9ilhYreK 6nKb4voKf2L0/8n0NH5l4o4Y3TLxfw/vWFNawNYvnNXw+HswG5IQhQ1kEOa4uX7vfTQGKizWzsXWdWrljQ6fWMDo6tbLLpk43TfpCpy9MuqXTLZNu63TbpF2ddk36UqcvrW2nUysr7up016R7Ot2zplyn1owf6PTApIc6tTe8Tq3FcqRTa532dGrl+r5O+yY91umxSU90emLSU52eWmlKp3ai0qmdqn Ra7Q3YHHvw3T3IMEOCwovf62A4xDAszfdWSPGw4Y/kUWYqJZA/usksKuD90GfT6VMIc550U1EWSw3Xdce9iygJsPwOqYbKvZsWi15IeBajOy7uYuzxPFn0AuZFJMS3JBSRwUkqFhUEJQxWb85jiHDs01HRbK96ESbDCLrgcQjM2PqsBJcCj4TyV5aGR4X/g7vlad5+lN44nMIy01/dXPn5H1o31g3y eXnRviw8nPKcYTlHhRfDcVostD0mP82Vdl9BHg3l6ZXGhbvQdq33jj8Y6yYvn2ka+mYsoeBHnu6nim7FWATxx4LE4QxVpFQRElM1nCT45i1m1B7xiMnQIsbo7cWChBGHky1+WjR/COC16bZKb1RZzCb5JBqTYKuQ3/dA7sMtRvOMu1DDXYuHGE7aximW5+KWwlRCaeD2jsvHy08WTU+5iBjGumhlimh fF+xbAnTvqZqWARz5C55Pc4eUv7rUdorGXuuyyjUMfRcuYamLfJ/hN6S6kBlDD+DAHKDm9PAGA4CDGRAPywI3h7OogIwI/2ZgAiMjTTyzMoplbRfFSgGj2RxBciPyNmiMwkc+gly4jtYRm96kj2O4MBbr8mOWgne7oNjsdbv/oriXzNDIa2pZbOyu9drLMxQ0yeAqC6KDvcO1Xm+6ahjnGE74W/BxNl 0RRxDh3e2NmdSvsK8HcI/woK4LYYqrdMuSAsrmyVYebVOa5omPmcFCMtDr2tcFuD0X/3D4YuWDW1i2vcXvzduSNB9a5lCaO5Z5IM0vLLOP5cXKx0OSFvgmr1a+6R9XGgzFWYqUCsyrCJA0hFUHLQ7c/cr4c3k1t9A2f7uwCyfLzfZKs/1qdeF5Z/K7xkPna+cb57HTdp45z51t59A5dgKHOr85fzh/ zv8yH8z/Oh+Ppe89mNT5yqk98/nffa2qSw==</latexit>
⌘(p1)
<latexit sha1_base64="mOepawFuhNLlZWd4Goevdbkb7/0=">AAARuXicvZhbb9s2FMfV7tZ6l8bb416EOQHaAjPsJFuH7aVxnCZuro1za6Ig oCTK4qJbSKpJKuhT7G3YPti+zQ5le6RIe+heJiAxfX5/8pCH5BFpN4sI453OXw8efvTxJ59+9uhx4/MvvvzqyULz6xOW5tTDx14apfTMRQxHJMHHnPAIn2UUo9iN8Kl7vS746TtMGUmTI36f4csYjRISEA9xML11MEdPs6vus6uFVqfdqR7bLHQnhZY1eQ6umgu/O37q5TFOuBchxi66nYxfFohy4k W4bDg5wxnyrtEIX0AxQTFml0XV49JeAotvBymFv4TblVWtUaCYsfvYBWWMeMh0Joyz2EXOg58uC5JkOceJN3YU5JHNU1sM3/YJxR6P7qGAPEqgr7YXIoo8DkFqLK31+4Ojwf7esObQpega87Juc9PIr5tEb3iaRqxuZhCdEIO2sfQBT2Pp8TBMKfdyzj6sQmPJHnAUEQ8ikeBbL41jlPiFQ3plAf+53 StLjfQnpG+Q7QnZNshwQoYGOZqQo1KM0e5BYALkYbvhUKwKUVk4IkZuUCDRSJ26krom9ST1TOpL6pv0WtJrvfOZZJnObiS7MVulklK95p1kdzq7l+xeZ+8le6+zbcm2zd4cSHqg13wj2RudnUl2prO3kr3V2blk5zrrSNbRWVeyrs6WJVvW2YpkKzpblWxVZ4lkic5iyeLJ0o1gz7opon61iuvyNMH TCm5s9v7QdRV8qOP1Gl7X8V4N7xlTWMPGLJ7X8Pl4MOuQE0YUZSHkuLp8bbqbPBQVa3pjPZUauWNdpcYw+io1ssuGSjd0+kqlr3S6qdJNnW6pdEunA5UOdPpapa+NbadSIyvuqHRHp7sq3TWmXKXGjO+rdF+nByo1N7xKjcVyqFJjnQ5VauT6I5Ue6fRYpcc6PVHpiU5PVXpqpCmVmolKpWaqUmm1N2 Bz7MJ3ez/DFPEUXvxOH8MhhmJhnlohxcOGPxRHmZmUQP4YxPMoh/fDEZ1Nn0OY83iQ8LJYati2Pe5dmBIPi++QalKxd5Ni0fEJyyJ0z/h9hB2Wx4uOR52Q+PiW+DzUOEn4ooSghMGqzTkUEYbd9K5od1edEJNRCF1wGARmbH1RgkuO77j0V5aaR4n/g7vlWd5+FN4YnMIy3V/dXPn5H1rX1g1yWXnR vSwcnLCcYjFHhRPBYZq3ug4Vn/pKm1YQR0Nxek2jwm51beO94wZj3eTlM0uTvhtLUvAjzvYzRbd8LIL4Y04if44qlKoQ8ZkaRmJ88x7T1BzxHRWhRZSmtxctAUMGJ1v8vGj/4MFr0+6Uzl1l0Ztkk2hMgi1DPu2B2IebNM0zZkMNey0aYThpa6dYlvPbFKYSSoE9PC6fLj9b1D3lPKQYq6KVGaI9VbB nCNDUUzUtARz5C5bPcoekv7rUdIrGXuuyyjUMfQeuYImNXJfid6S6jmlD9+DA7KH27PB6AcBgDsSjssDt0TzKISPCvzmYwMhIG8+tjCJR20aRVMBoNu4guRFxG9RG4SIXQS7soR6is5t0cQQXxqInPuYp2GAAio3hYPAviqlkjkZcU8tifWdt2F2eo0jjDK6yINrfPVgbDmerRlGO4YS/CR9nsxVRCB He2VqfS90Ku2oAdwnz6jofprhKtzQuoKyfbMXRNkmTPHYx1ZhPArWueV2A23PxD4cvRj64hWU7XPxevy0J84Fh9oW5b5gDYX5lmF0sLlYuHpGkwDd5tfJ1/7jSYCjOUyQpx6yKAEl8WHXQYmDvVcafy6uFVlf/7cIsnCy3uyvt7pvV1sv+5HeNR9a31nfWU6trvbBeWlvWgXVseVZs/Wb9Yf3Z/KWJ mmHz17H04YNJnW+s2tNkfwOt9Km7</latexit>
⇡(p2)
<latexit sha1_base64="xE34UNGcdv9IlnrSVtiZ+7AjvM8=">AAARuHicvZhbb9s2FMfV7tZ6lybb416EJQHaAjNsJ1uHPjW208TNzY2dSxMF GSXRFhHdQlJNUkFfYo/bvti+zQ5le6RIe+heJiAxfX5/8pCH5BFpNw0J443GXw8efvLpZ59/8ehx7cuvvv7mydLytycsyaiHj70kTOiZixgOSYyPOeEhPkspRpEb4lP3uiP46XtMGUniIb9P8WWExjEZEQ9xMJ05KXmaXrWeXS2tNOqN8rHNQnNaWLGmT/9qeel3x0+8LMIx90LE2EWzkfLLHFFOvB AXNSdjOEXeNRrjCyjGKMLsMi87XNhrYPHtUULhL+Z2aVVr5Chi7D5yQRkhHjCdCeM8dpHx0S+XOYnTjOPYmzgaZaHNE1uM3vYJxR4P76GAPEqgr7YXIIo8DjGqrW12u71h7/BgUHHoUnSNeVG1uUnoV02iNzxJQlY1M4hOgEFbW/uIp7b2eBAklHsZZx9XobZm9zgKiQeRiPGtl0QRiv3cIe0ih//cb heFRrpT0jXI7pTsGmQwJQODDKdkWIgx2m0IzAh52K45FKtCVOSOiJE7ypFopEpdSV2TepJ6JvUl9U16Lem13vlUslRnN5LdmK1SSale806yO53dS3avsw+SfdDZrmS7Zm/6kvb1mm8le6uzM8nOdPZOsnc6O5fsXGcNyRo6a0rW1FlLspbO1iVb19mGZBs6iyWLdRZJFk2Xbgh71k0Q9ctVXJUnMZ5 VcCOz90euq+AjHXcquKPjgwo+MKawgo1ZPK/g88lgOpATxhSlAeS4qnxztps8FOabemNtlRq5o6NSYxhdlRrZZUulWzp9rdLXOt1W6bZOd1S6o9OeSns6faPSN8a2U6mRFfdUuqfTfZXuG1OuUmPGD1V6qNO+Ss0Nr1JjsRyp1FinA5UauX6o0qFOj1V6rNMTlZ7o9FSlp0aaUqmZqFRqpiqVlnsDNs c+fLcPU0wRT+DF73QxHGIoFuaZFVI8bPgjcZSZSwnkj160iHJ4PwzpfPocwpxFvZgX+VrNtu1J74KEeFh8h1STiL0b56uOT1gaonvG70PssCxadTzqBMTHt8TngcZJzFclBCUMVm3OoYgw7CZ3eb254QSYjAPogsMgMBPriwJccnzHpb+i0DxK/B/cteZ5+1l4Y3AKS3V/VXPp539oXVs3yGXFRfMy d3DMMorFHOVOCGdpvtJ0qPjUV9qsgjgaitNrEub2StM23jvuaKKbvnzmaZL3E0kCfsTRfq7olk9EEH/MSegvUAVSFSA+V8NIhG8+YJqYI76jIrSI0uT2YkXAgMHJFj/P6z958Nq0G4VzV1r0Jtk0GtNgy5DPeiD24TZNspTZUMPeDMcYTtraKZZl/DaBqYTSyB4cF09bz1Z1TxkPKMaqaH2O6EAVHBg CNPNUTssIjvw5y+a5Q9JfVWo6RROvVVnpGoa+Bzew2EauS/F7Ut7GtKF7cGD2UH1+eL0RwNECiMdFjuvjRZRDRoR/CzCBkZE6XlgZhaK2jUKpgNFs3UFyI+I2qI3CRS6CXNhGbUTnN+niEC6MeVt8LFKwXg8UW4Ne718UM8kCjbimFnlnb3PQbC1QJFEKV1kQHe73NweD+apxmGE44W/Dx9l8RRhAhP d2OgupW2JXDeA+YV5V58MUl+mWRjmU9ZOtONrGSZxFLqYa88lIrWteF+D2nP/D4YuRD25h2Q5Wf9RvS8LcN8y+MHcN80iYXxtmF4uLlYvHJM7xTVaufN0/LjUYiosUccIxKyNAYh9WHbQ4sg9K48viammlqf92YRZOWvXmer35dmPlVXf6u8Yj63vrB+up1bReWK+sHatvHVueFVq/WX9Yfy6/XP51 ebxMJtKHD6Z1vrMqzzL9G/jiqVE=</latexit>
⇡(pa)
<latexit sha1_base64="GEEqQQw/JkjtYT5Hs1x/5RwjXXg=">AAAR uHicvZhbb9s2FMfV7tZ6l8bb416EOQHaAjPsJFuHPjW208TNtXFuTRRklERbRHQLSTVxBX2JPW77Yvs2O5TtkSLtoXuZgMT0+f3JQx6SR6TdNCS Mt1p/PXj4yaefff7Fo8e1L7/6+psnS/VvT1mSUQ+feEmY0HMXMRySGJ9wwkN8nlKMIjfEZ+5NV/Cz95gyksTHfJziqwiNYjIkHuJgOndS8jS9Rs+ ulxqtZqt8bLPQnhYa1vQ5vK4v/e74iZdFOOZeiBi7bLdSfpUjyokX4qLmZAynyLtBI3wJxRhFmF3lZYcLewUsvj1MKPzF3C6tao0cRYyNIxeUEe IB05kwzmOXGR/+cpWTOM04jr2Jo2EW2jyxxehtn1Ds8XAMBeRRAn21vQBR5HGIUW1lo9frH/cP9gcVhy5FN5gXVZubhH7VJHrDkyRkVTOD6AQYt LWVj3hqK48HQUK5l3H2cRVqK3afo5B4EIkY33lJFKHYzx3SKXL4z+1OUWikNyU9g+xMyY5BBlMyMMjxlBwXYox2BwIzRB62aw7FqhAVuSNi5A5z JBqpUldS16SepJ5JfUl9k95IeqN3PpUs1dmtZLdmq1RSqte8l+xeZ2PJxjr7INkHne1ItmP25lDSQ73mW8ne6uxcsnOdvZPsnc4uJLvQWUuyls7a krV1tirZqs7WJFvT2bpk6zqLJYt1FkkWTZduCHvWTRD1y1VclScxnlVwI7P3R66r4CMddyu4q+P9Ct43prCCjVm8qOCLyWC6kBNGFKUB5LiqfGO 2mzwU5ht6Yx2VGrmjq1JjGD2VGtllU6WbOn2t0tc63VLplk63Vbqt075K+zp9o9I3xrZTqZEVd1W6q9M9le4ZU65SY8YPVHqg00OVmhtepcZiOV KpsU4HKjVy/bFKj3V6otITnZ6q9FSnZyo9M9KUSs1EpVIzVam03BuwOfbgu32QYop4Ai9+p4fhEEOxMM+skOJhwx+Jo8xcSiB/9KNFlMP74ZjOp8 8hzFnUj3mRr9Rs2570LkiIh8V3SDWJ2Ltxvuz4hKUhGjM+DrHDsmjZ8agTEB/fEZ8HGicxX5YQlDBYtTmHIsKwm9znzfa6E2AyCqALDoPATKwvC nDJ8T2X/opC8yjxf3C3Os/bz8Ibg1NYqvurmks//0Pr2rpBLisu21e5g2OWUSzmKHdCOEvzRtuh4lNfabMK4mgoTq9JmNuNtm28d9zhRDd9+czT JO8nkgT8iKP9XNEdn4gg/piT0F+gCqQqQHyuhpEI337ANDFHfE9FaBGlyd1lQ8CAwckWP8+bP3nw2rRbhXNfWvQm2TQa02DLkM96IPbhFk2ylNl Qw94IRxhO2toplmX8LoGphNLQHpwUT1efLeueMh5QjFXR2hzRvirYNwRo5qmcliEc+XOWzXOHpL+q1HSKJl6rstI1DH0XbmCxjVyX4vekvI1pQ/f gwOyh5vzwekOAwwUQj4ocN0eLKIeMCP8WYAIjI028sDIKRW0bhVIBo9m8h+RGxG1QG4WLXAS5sIM6iM5v0sUhXBjzjvhYpGD9Pig2B/3+vyhmkg UacU0t8u7uxqC9ukCRRClcZUF0sHe4MRjMV43CDMMJfws+zucrwgAivLvdXUjdErtqAPcI86o6H6a4TLc0yqGsn2zF0TZO4ixyMdWYT4ZqXfO6A Lfn/B8OX4x8cAfLdrD8o35bEuZDw+wLc88wD4X5tWF2sbhYuXhE4hzfZuXK1/3jUoOhuEgRJxyzMgIk9mHVQYtDe780viyulxpt/bcLs3C62myv Ndtv1xuvetPfNR5Z31s/WE+ttvXCemVtW4fWieVZofWb9Yf1Z/1l/df6qE4m0ocPpnW+sypPnf4NJnCpgA==</latexit>
(P ,  )
<latexit sha1_base64="Sg/QDP31SRq/XzNNoZsqNh82jtE=">AAAR 9XicvZjLcts2FIaZ9JaoN7tddsOp7Jkk02ok2206XcWSHFvxTbF8i02PByQhEWNeZACMpHD4Ht101+mmi75Bt+0r9G16QMkFCEidZFPO2ILO9wM HOAAOAbnDkDBer/997/5773/w4UcPHlY+/uTTzz5fWv7ilCUp9fCJl4QJPXcRwyGJ8QknPMTnQ4pR5Ib4zL1pCX72GlNGkviYT4b4KkKDmPSJhzi YrpfWnAjxwHWjrJs/6l5nytf8GyeEhnxUtj6+XqrWa/Xisc1CY1aoWrOne7289JvjJ14a4Zh7IWLsslEf8qsMUU68EOcVJ2V4iLwbNMCXUIxRhN lVVgwut1fB4tv9hMJfzO3CqtbIUMTYJHJBKXrJdCaM89hlyvs/XGUkHqYcx97UUT8NbZ7YIlK2Tyj2eDiBAvIogb7aXoAo8jjEs7K62W53jjuHB 72SQ5eiG8zzss1NQl83RWWD6B5PkpCVzQzCFWCoXFl9i6ey+rAXJJR7KWdvV6Gyanc4CokHoYnxyEuiCMV+5pBmnsF/bjfzXCPtGWkbZHdGdg3S m5GeQY5n5DgXY7SbEKk+8rBdcShWhSifLcJ+hkQjZepK6prUk9QzqS+pb9IbSW/0zg8lG+rsVrJbs1UqKdVrjiUb62wi2URnbyR7o7NdyXbN3nQl 7eo1X0r2Umfnkp3r7JVkr3R2IdmFzuqS1XXWkKyhszXJ1nS2Ltm6zjYk29BZLFmss0iyaLZ0Q9izboKoX6zisjyJcS6zqNH7I9dV8JGOWyXc0vF BCR8YU1jCxixelPDFdDAtyAkDioYBJL2yfPNuN3kozDb1xpoqNXJHS6XGMNoqNbLLlkq3dPpcpc91uq3SbZ3uqHRHpx2VdnT6QqUvjG2nUiMr7q l0T6f7Kt03plylxowfqvRQp12VmhtepcZiOVKpsU57KjVy/bFKj3V6otITnZ6q9FSnZyo9M9KUSs1EpVIzVam02BuwOfbhu304xBTxBE4CThvDqY ZiYb6zQoqHDX8kzjZzKYH80YkWUQ7vh2M6nz6BMKdRJ+Z5tlqxbXvauyAhHhbfIdUkYu/G2YrjEzYM0YTxSYgdlkYrjkedgPh4RHweaJzEfEVCU MJg1eYcigjDbjLOao0NJ8BkEEAXHAaBmVqf5uCS4zGX/vJc8yjxO7hbm+fte+GNwbFsqPsrmws//0Pr2rpBLssvG1eZg2OWUizmKHNCOIjzasOh 4lNfaXcVxFlRHGeTMLOrDdt477j9qW728pmnSV5PJQn4EfeCuaIRn4og/piT0F+gCqQqQHyuhpEI377BNDFHPKYitIjSZHRZFTBgcLLFT7Ladx6 8Nu167owLi94km0VjFmwZ8rseiH24TZN0yGyoYW+GAwxHb+0Uy1I+SmAqodS3eyf5o7XHK7qnlAcUY1W0Pkd0oAoODAG681RMSx/uABlL57lD0l9 ZajpFU69lWeEahr4H17fYRq5L8WtSXOW0oXtwYPZQbX54vT7A/gKIB3mGa4NFlENGhH8LMIGRkRpeWBmForaNQqmA0WyNIbkRcT3URuEiF0EubK ImovObdHEIN8isKT4WKVinA4qtXqfzH4o7yQKNuLfmWWtvs9dYW6BIoiHcbUF0uN/d7PXmqwZhiuGEvw0f5/MVYQAR3ttpLaRugV01gPuEeWWdD 1NcpFsaZVDWT7biaBsncRq5mGrMJ321rnldgOt09i+HL0Y+GMGy7a18q9+WhLlrmH1hbhvmvjA/N8wuFhcrFw9InOHbtFj5un9caDAUFynihGNW RIDEPqw6aLFvHxTGH/PrpWpD/zHDLJyu1RrrtcbLjeqz9uyHjgfWV9bX1iOrYT21nlk7Vtc6sTzrJ+sP60/rr+XR8s/Lvyz/OpXevzer86VVepZ/ /wdi4MNi</latexit>
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Figure 3.2: Diagram of ηpi production where the system resonates in JPM quantum numbers,
with parity P = (−1)J .
where the momentum of the Pomeron is PP = pc − pa. The tensor εµναβ1 is the totally antisym-
metric Levi-Civita tensor, and νλP is the polarization tensor of the Pomeron. We can simplify
the vertex by working in the GJ frame, p?c = 0. First note that for a polarization tensor of zero
three-momentum with helicity λ fully contracted with momenta p with orientation (θ, ϕ), we can
write the relation
µ1···µJλ (k = 0)p
µ1 · · · pµJ = 1√
CJ
|p?|Jd(J)λ0 (θ)eiλϕ, (3.14)
where CJ = (2J)! 2
−J/(J !)2 [73]. Second, a general polarization tensor for a spin J can be written
in terms of a Clebsch-Gordan series of two polarization tensors with spins S and J − S via
µ1···µJλ (p) =
∑
λ1,λ2
〈Jλ|J − S λ2;S λ1〉 µ1···µSλ1 (p)
µS+1···µJ
λ2
(p). (3.15)
Returning to the initial meson-production vertex, in the GJ frame, p?c = (mηpi,0) and pa = |p?a| zˆ.
Therefore, using Eqs. (3.14) and (3.15), as well that d
(J)
λ0 (0) = δλ0, we arrive at the expression
VJλPM (piP→ X) = mηpi
|p?a|J−1√
CJ−1
〈JM |J − 1 0; 1M〉 λP(P?P) · (p?a × ∗M (p?c)), (3.16)
where we wrote the four-dimensional Levi-Civita as ε0ναβ = εjkl. Note that in the GJ frame,
∗M=0(p
?
c) = (0, 0, 0, 1), thus p
?
a || ∗M=0(p?c), the longitudinal component of the vertex is identically
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zero, i.e. M 6= 0 for the resonance. Additionally, since λP(P?P) · (p?a × ∗M (p?c)) = ∗M (p?c) ·
(λP(P
?
P
) × p?a), and P?P = −p?a with λP=0(P?P) = (|p?a|, 0, 0, ω?P)/M , then the longitudinal
component of the Pomeron is also zero. The final meson-production vertex contains a simpler
coupling, as we consider only JP → 0−0−, which has the form
VJM0(X → ηpi) = µ1···µJM (pc)pµ11 · · · pµJ1
=
1√
CJ
q? Jd
(J)
M0(θ
?)eiMϕ
?
(3.17)
where we used Eq. (3.14) to evaluate the vertex in the GJ frame. Putting the two meson vertices
together, we arrive at
J∑
M=−J
VJλPM (piP→ X)VJM0(X → ηpi) =
mηpi√
CJCJ−1
q? J |p?a|J−1
3∑
j=1
(λP(P
?
P
)× p?a)j
×
J∑
M=−J
〈JM |J − 1 0; 1M〉 (∗M (p?c))j d(J)M0(θ?)eiMϕ
?
,
(3.18)
which has the correct rotational dependence for a spin J system.
The nuclear vertex has the structure
Vµ′µ;λP(N → PN) = µλP(PP)u¯(pd, µ′)γµu(pb, µ), (3.19)
and can be evaluated in a straightforward manner using properties of the Dirac spinors and Pauli
matrices [74]. Defining the angle of the target (and in the single Regge limit, recoil) angle with
respect to the z-axis as α, the result leads to
Vµ′µ;λP(N → PN) = −
s
mηpi
3∑
j=1
jλP(PP) [δj1 sinα+ δj3 cosα] Φ
>(µ′)Φ(µ) (3.20)
where Φ(µ) is the two component spinor, for which Φ>(+) = (1, 0) and Φ>(−) = (0, 1). Thus,
the combination only allows for helicity non-flip systems, Φ>(µ′)Φ(µ) = δµ′µ, which is consistent
with Regge phenomenology in that Pomeron exchange conserves helicity. Since we showed that
the Pomeron contains only a transverse component, only the j = 1 term survives in Eq. (3.20).
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The nuclear vertex is therefore
Vµ′µ;λP(N → PN) = −
s
mηpi
1λP(PP) sinαδµ′µ (3.21)
It is straightforward to show the in the Regge limit of the GJ frame,
cosα =−→ −m
2
ηpi +m
2
pi − t
λ1/2(m2ηpi,m
2
pi, t)
(3.22a)
sinα =
√
1− cos2 α −→ 2mηpi
√−t
λ1/2(m2ηpi,m
2
pi, t)
. (3.22b)
Putting all the tensor structures together, the production amplitude has the form
AJµ′µ = −
2s√
2
(|p?a||p?1|)J√
CJCJ−1
〈J 1|J − 1 0; 1 1〉 sinα sinϕ?d(J)10 (θ?)δµ′µ. (3.23)
From Eq. (3.22b), we see that sinα contributes an inverse power of the momenta |p?a|. Thus, we
conclude that the threshold singularity structure of the amplitude has the form
AJµ′µ = |p?1|J |p?a|J−1ÂJµ′µ, (3.24)
where ÂJµ′µ is a regular function near thresholds. Ignoring the resonance propagator, which we will
discuss in the following section, the production amplitude contains no singularities in the physical
region of the invariant mass mηpi, as expected from our discussion of particle exchanges.
3.1.2 FINAL STATE INTERACTIONS
We now turn our attention to the final state interactions of the ηpi system. In the simple model
described above, we imagined the ηpi resonance to be described by a relativistic Breit-Wigner
amplitude. For narrow, isolated resonances, this picture may be an accurate description. We
introduce a more sophisticated representation for the final state interactions of ηpi, which include
a broad or interfering resonances. We begin by defining the elastic ηpi amplitude,
〈η(p′1)pi(p′2)|T |η(p1)η(p2)〉 = (2pi)4δ(P ′ηpi − Pηpi)M(mηpi, cos θ?), (3.25)
where Pηpi = p1 + p2 is the initial total ηpi four momentum, and P
′
ηpi = p
′
1 + p
′
2 is the final total
four momentum, m2ηpi = (p1 + p2)
2 is the ηpi invariant mass-squared, and cos θ? = pˆ?1 · pˆ′?1 is the
28
cosine of the scattering angle in the rest-frame of ηpi. The amplitude has a partial wave expansion
M(mηpi, cos θ?) = 16pi
∞∑
J=0
(2J + 1)MJ(mηpi)PJ(cos θ?), (3.26)
where J is the total angular momentum of the ηpi system. Here, we have introduced a factor of
16pi for convenience, so that two-body phase space approaches unity as mηpi →∞, as opposed to
the convention used in the previous chapter.
Having defined the elastic ηpi amplitude, we can now proceed to impose the unitarity condition
to the ηpi production amplitude in the ηpi-channel. At this point, we will assume that the only
intermediate state allowed is ηpi, even though other kinematically allowed channels can couple to
the resonances of interest. We will address the inclusion of additional states later. In the elastic
approximation, the partial wave unitarity relation is
ImAJMµ′µ (s, t,mηpi) =
2q?
mηpi
M∗J(mηpi)AJMµ′µ (s, t,mηpi)Θ (mηpi − (mη +mpi)) , (3.27)
where we note that no additional numerical factors are included due to our normalization in
Eq. (3.26). There is an additional threshold singularity in the partial wave amplitudes, which
enforces that MJ ∼ q? 2J as mηpi → (mη + mpi). Therefore, we remove this singularity from the
amplitudes, first defining
MJ(mηpi) = q? 2JM̂J(mηpi), (3.28)
where M̂J(mηpi) is regular near threshold. We have already seen the threshold structure of the
production amplitude, Eq. (3.24), and we factor these singularities from Eq. (3.27), yielding
Im ÂJMµ′µ (s, t,mηpi) = ρJ(mηpi)M̂∗J(mηpi) ÂJMµ′µ (s, t,mηpi)Θ (mηpi − (mη +mpi)) , (3.29)
where we define
ρJ(mηpi) =
2q? 2J+1
mηpi
. (3.30)
From Eq. (3.29), the production amplitude must have the same phase as the elastic amplitude,
which is a consequence of Watson’s theorem. The elastic amplitude satisfies its own unitarity
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relation, which is simply the elastic unitarity relation
ImM̂J(mηpi) = ρJ(mηpi)|M̂J(mηpi)|2Θ (mηpi − (mη +mpi)) . (3.31)
As seen in the previous chapter, we can write the elastic ηpi amplitude in the N/D representation,
M̂J(mηpi) = NJ(mηpi)/DJ(mηpi), (3.32)
where
DJ(mηpi) = D(0)J (mηpi)−
m2ηpi
pi
∫ ∞
(mη+mpi)2
dm2
ρJ(m)NJ(m)
m2(m2 −m2ηpi − i)
(3.33)
where D(0)J is a real rational function in the physical region, which we represent as
D(0)J (m2ηpi) = c0 − c1m2ηpi −
∑
j=1
c
(j)
2
c
(j)
3 −m2ηpi
, (3.34)
where cj for j = 0, . . . 3 are real parameters for each partial wave J , which are to be determined.
In the following sections, we will apply our production model to investigate ηpi resonances. Given
the NJ function, which contains the particle exchange cuts, the DJ function can be solved. For
simplicity, we will model NJ with physics representing the unknown exchange physics, and some
unknown parameters to be determined. A simple model which we will use in our analysis of
COMPASS data is
ρJ(mηpi)NJ(mηpi) =
λJ+1/2(m2ηpi,m
2
η,m
2
pi)
(m2ηpi + ΛR)
2J+1+γ
, (3.35)
where ΛR effectively describes the radius of interactions.
3.1.3 ANALYSIS OF TENSOR RESONANCES
As a first test of the model, we investigate tensor (J = 2) resonances in the ηpi system, where
the well-known a2(1320) meson is featured as a vivid peak in the ηpi mass distribution. The ηpi
D-wave is important to understand as it is used as a reference wave for all other waves measured at
COMPASS. Furthermore, the first a2 excitation is considerably more difficult to measure compared
to the ground state a2, thus giving us the opportunity to use our model to determine the excited
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state properties. There is a noticeable, but shallow, bump in the COMPASS data occurring at
∼ 1700 MeV, which is the approximate mass for the a′2 as measured in other experiments.
To compare with the partial wave intensities measured in Ref. [15], which are integrated over t
from tmin = −1.0 GeV2 to tmax = −0.1 GeV2, we use an effective value for the momentum transfer
teff = −0.1 GeV2 and AJM (mηpi) ≡ AJM (mηpi, s, teff). The effect of a possible teff dependence is
taken into account in the estimate of the systematic uncertainties. The natural parity exchange
partial wave amplitudes AJM (s) can be identified with the amplitudes A=1LM (s) as defined in Eq. (1)
of Ref. [15], where  = +1 is the reflectivity eigenvalue that selects the natural parity exchange.
In the following we consider the single, J = 2, |M | = 1 natural parity partial wave, which we
denote its intensity (acceptance corrected) [15] as
I(mηpi) ≡ Nq? |A(mηpi)|2 . (3.36)
Since the physical normalization of the cross section is not determined in Ref. [15], the constant
N is a normalization constant, which effectively absorbs all energy independent factors of the
differential cross section. The overall scale is fixed to N = 106, so that the coefficients αj are
expected to be O(1).
In principle, one should consider the coupled-channel problem involving all the kinematically
allowed intermediate states (see Fig. ??). The PDG reports the important final states for the
2++ system are the 3pi (ρpi, f2pi) and ηpi systems [6]. Far from thresholds, a narrow peak in
the data is generated by a pole in the closest unphysical sheet, regardless of the number of open
channels. The residues (related to the branching ratios) depend on the individual couplings of each
channel to the resonance, and therefore their extraction requires the inclusion of all the relevant
channels. However, the pole position is expected to be essentially insensitive to the inclusion of
multiple channels. This is easily understood in the Breit-Wigner approximation, where the total
width extracted for a given state is independent of the branchings to individual channels. Thus,
when investigating the pole position, we restrict the analysis to the elastic approximation, where
only ηpi can appear in the intermediate state. We will elaborate on the effects of introducing the
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ρpi channel, which is known to be the dominant one of the decay of a2(1320) [6], as part of the
systematic checks.
The production model proposed does not allow for flexibility in trying to fit the line shape.
So, in order to have a flexible model, we replace the production model with an expansion in the
invariant mass mηpi. This substitution allows us to capture additional background effects not
modeled. One requirement is that the production mechanism is still a smooth function in the
physical region. This can be seen by solving the unitarity constraint Eq. (3.29),
ÂJMµ′µ (s, t,mηpi) = BJMµ′µ (s, t,mηpi)
+
1
DJ(mηpi)
∫ ∞
(mη+mpi)2
dm2
pi
ρJ(m)NJ(m)
m2 −m2ηpi − i
BJMµ′µ (s, t,m) (3.37)
which is the well known Omnes-Muskhelishvili solution. The function BJMµ′µ (s, t,mηpi) is a driving
term which contains no singularities in the ηpi physical region and does contain exchange cuts. If
BJMµ′µ is specified, along with NJ , then Eq. (3.37) gives the full amplitude. We could determine
BJMµ′µ from our production model, but instead we will absorb all production physics in the expansion
A(s, teff,mηpi) = q? Jk? J−1P(mηpi)/DJ=2(mηpi), (3.38)
where the production expansion P is
P(mηpi) = 1
c3 −m2ηpi
n∑
j=0
αj Tj (ω(mηpi)) , (3.39)
where the expansion contains the CDD pole at c3 in order to cancel the forced zero from the
DJ function, αj are expansion coefficients which are to be determined, and Tn are Chebyshev
polynomials 3 of the function
ω(mηpi) =
m2ηpi
m2ηpi +m
2
0
, (3.40)
3The Chebyshev polynomial are expressed by the recursion relation
Tn(z) = 2z Tn−1(z)− Tn−2(z) for n ≥ 2,
with T0(z) = 1, and T1(z) = z.
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which is a pole approximation for the left-hand cut, where we choose the pole at m20 = 1 GeV
2.
We choose the expansion in Chebyshev polynomials as opposed to standard polynomials in order
to break correlations, which we discuss later in this section.
We fit a set of parameters θ = (θ1, . . . , θn) to the COMPASS data via a χ
2 minimization, where
the χ2 is given by
χ2(θ) =
Ndata∑
j=1
(
Imodel(m(j)ηpi |θ)− Idata(j)
σdata(j)
)2
(3.41)
where the Idata(j) ± σdata(j) is the intensity measured by COMPASS in ηpi mass bins m(j)ηpi . The
minimization, ∇θ χ2(θ) = 0, yields the optimal set of parameters θ to describe the available
COMPASS data. We fit our model to the intensity distribution for pi−p → ηpi−p in the D-wave
(56 data points) [15] , as defined in Eq. (3.36) , by minimizing χ2. We fit the coefficients aj (see
Eq. (3.39)) , which are then expected to be O(1), and also the parameters in the D(mηpi) function.
In the first step we obtain the best fit for a given total number of parameters, and in the second
step we estimate the statistical uncertainties using the bootstrap technique [?, 55–57] . That is to
say, we generate 105 pseudodata sets, each data point being resampled according to a Gaussian
distribution having as mean and standard deviation the original value and error, and we repeat
the fit for each set. In this way, we obtain 105 different values for the fit parameters, and we take
the means and standard deviations as expected values and statistical uncertainties, respectively.
In order to assess the systematic uncertainties we study the dependence of the pole parameters
on variations of the model, specifically we change i) the number of CDD poles from 1 to 3, ii) the
total number of terms n in the expansion of the numerator function P(s) in Eq. (3.39) , iii) the
value of ΛR in the left hand cut model, iv) the value of teff of the total momentum transferred, and
v) the addition of the ρpi channel to study coupled-channel effects. The fit with CDD∞ only, shown
in Fig. 3.4 , for ΛR = 1.5 GeV
2 and n = 6 (with a total of 9 parameters), captures neither the dip
at 1.5 GeV nor the bump at 1.7 GeV. Figure 3.3 shows the χ2 as a function of ΛR, in which the
minimum corresponds to 1.5 GeV2. In contrast, the fit with two CDD poles (11 parameters), shown
in Fig. 3.4 , captures both features, giving a χ2/dof = 86.17/(56 − 11) = 1.91. The parameters
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Figure 3.3: Preliminary χ2 fit results as a function of ΛR and the number of terms in the production
expansion. These preliminary runs were used to determine the optimal value for the interaction
radius ΛR, which was determined to be within the range 1.2 GeV
2 ≤ ΛR ≤ 2.0 GeV2 (shown in
the orange highlighted box). Note that for ΛR = 0 GeV
2 as this yields unphysical singularities
close to the physical region.
corresponding to the best fit with two CDD poles are given in Table 3.1. The addition of another
CDD pole does not improve the fit, as the limited precision in the data is incapable of indicating
any further resonances. Specifically the residue of the additional pole turns out to be compatible
with zero, leaving the other fit parameters unchanged. We associate no systematic uncertainty to
that.
As discussed earlier, an acceptable numerator function n(s) should be “smooth” in the res-
onance region, i.e. without significant peaks or dips on the scale of the resonance widths. The
parameters ci and g of the denominator function are related to resonance parameters, while sR
controls the distant second sheet singularities due to exchange forces. The expansion in n(s), shown
in for sR = 1.5 GeV
2 and two CDD poles, has a singularity occurring at s = −1.0 GeV2 because
of the definition of ω(s) and our choice of Λ 4. For variations in n(s) between np = 3 and np = 7,
4Note that the production term is not well constrained below s ∼ 1 GeV2, as the phase space and barrier factors
highly suppress the near threshold behavior. The singularity at s = −1 GeV2 however, persist for each np solution.
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Figure 3.4: Intensity distribution and fits to the JPC = 2++ wave for different number of CDD
poles, (a) using only CDD∞ and (b) using CDD∞ and the CDD pole at m2ηpi = c3. Red lines are
fit results with I(mηpi) given by Eq. (3.36). Data is taken from Ref. [15]. The inset shows the a′2
region. The error bands correspond to the 3σ (99.7%) confidence level. Figure adapted from [2].
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Figure 3.5: Amplitude numerator function |∑nj aj Tj(ω(s))| for different values of np. The absolute
value is taken as there is a phase ambiguity because we fit only the intensity ∼ |A(s)|2. Note that
each curve is an independent fit for a specific number of terms n. The curves for n = 4, 5, and 6
all coincide in the resonance region, as shown in the inset.
we find the pole positions are relatively stable, which we discuss later in our systematic estimates.
The dependence on teff is expected to affect mostly the overall normalization. Indeed, the
variation from teff = −1.0 GeV2 to −0.1 GeV2 gives less than 2% difference for the a′2(1700)
parameters, and < 1h for the a2(1320), and can be neglected compared to the other uncertainties.
We used both a polynomial expansion and a Chebyshev polynomial expansion. Both studies
reach the same results regarding the a
(′)
2 poles extraction. Hence, it is clear from these studies
that the resonance poles are independent of the production mechanism. In Table ?? we provide
the correlation matrix for a standard polynomial, while Table ?? shows the correlation matrix for
Chebyshev polynomials. If we focus on the polynomial expansion parameters (i.e. a0 . . . a6) we
see that the correlations are essentially ±1 for the standard polynomials. For Chebyshev there
is some improvement, although still large. For the standard polynomial expansion, the resonance
parameters (g, c1, c2, c3), stay more or less independent of the production coefficients. However,
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Figure 3.6: Correlation matrices for the fit with two CDD poles and n = 6 terms in the production
expansion, with a resulting χ2/dof = 1.91. The polynomial expansion (a) shows extremely large
correlations in the production parameters, essentially ±1, while the Chebychev expansion (b),
although still large, breaks up some of the correlation in the production expansion.
the correlation between production and resonance parameters are significantly reduced when we
use Chebyshev polynomials. This indicates that by using Chebyshev polynomials the resonances
extraction is more robust. Figure 3.6 shows the correlation matrix for the best fit.
ANALYTIC CONTINUATION AND POLE DETERMINATION
This analysis allows us to extract the ηpi → ηpi elastic amplitude in the D-wave. By construction,
the amplitude has a zero at s = c3. Figure 3.7 shows the real and imaginary parts of Mˆ(s),
with the 3σ error bands estimated by the bootstrap analysis. Resonance poles are extracted by
analytically continuing the denominator of the ηpi elastic amplitude to the second Riemann sheet
(II) across the unitarity cut using
DIIJ=2(mηpi) = DJ=2(mηpi) + 2i ρJ=2(mηpi)NJ=2(mηpi). (3.42)
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Figure 3.7: The reduced elastic ηpi D-wave amplitude, M̂J=2 = NJ=2/DJ=2, as a function of the
ηpi invariant mass. Shown are the real (red) and imaginary (blue) parts with 3σ a error band. The
interaction range is fixed at ΛR = 1.5 GeV
2. Figure adapted from [2].
By construction, no first-sheet poles are present. We find three second-sheet poles in the energy
range of (mpi + mη) ≤
√
s ≤ 3 GeV, two of which can be identified as resonances, as shown in
Fig. 3.8 for np = 6 and sR = {1.0, 1.5, 2.0, 2.5} GeV2.
The mass and width are defined as m = Re
√
sp and Γ = −2 Im√sp, respectively, where sp
is the pole position in the m2ηpi-plane. Two of the poles found can be identified as the a2(1320)
and a′2(1700) resonances in the PDG [6]. The lighter of the two corresponds to the a2(1320). For
sR = 1.5 GeV
2, the pole has mass and width m = (1307 ± 1) MeV and Γ = (112 ± 1) MeV,
respectively. The nominal value is the best fit pole position, and the uncertainty is the statistical
deviation determined from the bootstrap. Values of sR between 1.0 and 2.5 GeV
2 lead to pole
deviations of at most ∆m = 2 MeV and ∆ Γ = 3 MeV. The heavier pole corresponds to the
excited a′2(1700). For sR = 1.5 GeV
2, the resonance has mass and width m = (1720 ± 10) MeV
and Γ = (280 ± 10) MeV, respectively. The maximal deviations for the different sR values are
∆m = 40 MeV and ∆ Γ = 60 MeV. The a2(1320) and a
′
2(1700) poles (see Fig. 3.8) are found to
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Figure 3.8: Location of second-sheet pole positions with two CDD poles and np = 6 terms in the
production expansion. Poles are shown with 1σ (light red) and 2σ (dark red) confidence levels
from uncertainties computed using 105 bootstrap fits. The gray ellipses show pole locations from
systematic studies of varying ΛR from 1.0 to 2.5 GeV
2. Figure adapted from [2].
Table 3.1: Best fit denominator and production parameters for the fit with two CDD poles, ΛR =
1.5 GeV2, N = 106, c0 = (1.23)
2, and the number of expansion parameters np = 6, leading
to χ2/dof = 1.91. Denominator uncertainties are determined from a bootstrap analysis using 105
random fits. We report no uncertainties on the production parameters as they are highly correlated.
Denominator parameters Production parameters [GeV−2]
c1 0.532± 0.006 GeV−2 α0 0.471
c2 0.253± 0.007 GeV2 α1 0.134
c3 2.38± 0.02 GeV2 α2 −1.484
g 113± 1 GeV4 a3 0.879
α4 2.616
α5 −3.652
α6 1.821
be stable under variations of sR, which modulates the left hand cut.
As expected, there is a third pole that depends strongly on ΛR and reflects the singularity in
N (s) modeled as a pole. Its mass ranges from 1.4 to 3.3 GeV, and its width varies between 1.3 and
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1.8 GeV as ΛR changes from 1 GeV
2 to 2.5 GeV2. In the limit g → 0, this pole moves to −sR as
expected, while the other two migrate to the real axis above threshold [75]. Fig. 3.9 shows many
poles in the complex s-plane, three of which have Re s > 0, and two for Re s < 0. We want to
understand the nature of all these singularities, primarily in identifying if these poles correspond
to QCD resonances. We see two poles (corresponding to the a2 and a
′
2 resonances) migrate to the
real axis as the coupling is turned off, which is expected for the two CDD poles we chose. The
other poles all migrate to s = −1.5 GeV2, which is the location of the left-hand singularity in our
model. This shows clearly the origin of the poles. Fig. 3.9 shows snapshots at different values
of g as g → 0. The poles that tend to s = −1.5 GeV2 are purely model effects, as dynamically
generated poles are expected to migrate off to infinity as the coupling vanishes.
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Figure 3.9: The migration of poles as a function of g as g → 0 in the complex s2-plane.
Changing the number of expansion terms between np = 3 and np = 7 does not in any significant
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way affect the a2(1320) or a
′
2(1700) pole positions. The maximal deviations are ∆m(a2) = 5 MeV,
∆ Γ(a2) = 7 MeV and ∆m(a
′
2) = 40 MeV, ∆ Γ(a
′
2) = 30 MeV between three and seven terms in
the n(s) expansion.
In order to demonstrate that coupled-channel effects do not influence the pole positions, we
consider an extension of the model to include a second channel also measured by COMPASS,
ρpi [17], and simultaneously fit the ηpi [15] and the ρpi [17] final states. The branching ratio of the
a2(1320) is saturated at the level of ∼85% by the ηpi and 3pi channels [6], with the ρpi S-wave
having the dominant contribution. For simplicity we consider the ρ to be a stable particle with
mass 775 MeV, the finite width of the ρ being relevant only for
√
s < 1 GeV. The amplitude is then
Aˆj(s) =
∑
k [D(mηpi)]−1jk (mηpi) Pk(mηpi). The denominator is now a 2× 2 matrix, whose diagonal
elements are of the form given by Eq. (??), with the appropriate phase space for each channel.
The off-diagonal term is parameterized as a single real constant. The production elements Pk(s)
are as in Eq. (??), with independent coefficients for each channel. We also performed a K-matrix
coupled-channel fit and obtained very similar results that are shown in Figure 3.10. The coupled-
channel effects produce a competition between the parameters in the numerators to fit the bump
at 1.6 GeV in ηpi and the dip at 1.8 GeV in ρpi at the same time. The ρpi data prefers not to
have any excited a′2(1700), which conversely is evident in the ηpi data. Therefore, the uncertainty
in the a′2(1700) pole position increases, as it is practically unconstrained by the ρpi data. Note,
however, that in Ref. [17] the dip at mηpi ∼ 1.8 GeV in the ρpi data is t-dependent, while we use
the t-integrated intensity, so it may be expected that the effects of the a′2 are suppressed in our
combined fit. We find the following deviations in the pole positions relative to the single-channel
fit: ∆m(a2) = 2 MeV, ∆Γ(a2) = 3 MeV, ∆m(a
′
2) = 20 MeV and ∆Γ(a
′
2) = 10 MeV. These
deviations are rather small and we quote them within our systematic uncertainties.
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Figure 3.10: Coupled-channel D-wave fit, (a) using a model based on CDD poles, (b) using the
standard K-matrix parameterization. Both parameterizations give pole positions consistent with
the single-channel analysis. The ηpi data is taken from Ref. [15] and the ρpi data from Ref. [17].
3.2 EXOTICA IN ηpi — THE pi1 HYBRID CANDIDATE
Following the successful determination of the ηpi tensor resonances, the model was extended to
study the coupled channel ηpi and η′pi system. We focus on applying the coupled channel model
on the P - and D-waves, to investigate the pole properties of the lightest hybrid candidate, the pi1.
The ηpi system is a ‘Golden mode’ for studying hybrid candidates as the spin-exotic JPC = 1−+
can be directly accessed.
Table 3.2: Resonance parameters. The first error is statistical, the second systematic.
Poles Mass ( MeV) Width ( MeV)
a2(1320) 1306.0± 0.8± 1.3 114.4± 1.6± 0.0
a′2(1700) 1722± 15± 67 247± 17± 63
pi1 1564± 24± 86 492± 54± 102
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Figure 3.11: Results of the η(′)pi coupled-channel fit. Shown are the ηpi P - and D-wave intensities
and their relative phase compared with data from COMPASS [15]. The inset zooms into the region
of the a′2(1700). The solid line and red band shows the result of the fit and the 2σ confidence level
provided by the bootstrap analysis, respectively. The initialization of the fit is chosen by randomly
generating O(105) different sets of values for the parameters. The best fit has χ2/dof = 162/122 =
1.3. The errors shown are statistical only. Figure adapted from [5].
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Figure 3.12: Results of the η(′)pi coupled-channel fit. Shown are the η(′)pi P - and D-wave inten-
sities and their relative phase compared with data from COMPASS [15]. The solid line and red
band shows the result of the fit and the 2σ confidence level provided by the bootstrap analysis,
respectively. The initialization of the fit is chosen by randomly generating O(105) different sets
of values for the parameters. The best fit has χ2/dof = 162/122 = 1.3. The errors shown are
statistical only. Figure adapted from [5].
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Figure 3.13: Positions of the poles identified as the a2(1320) and a
′
2(1700) (in red) and the pi1 (in
blue). The inset shows the position of the a2(1320). The light and dark ellipses show the 1σ and
2σ confidence levels, respectively. Figure adapted from [5].
All η(′)pi waves are measured relative to the D-wave, so that we have additional phase infor-
mation in the form of the phase difference between each wave and the reference ηpi D-wave. The
amplitudes are now expressed via a coupled-channel unitary model
AJMa (s, t, E?) = q? Ja k? J−1
Nc∑
b=1
PJa (E?)
[
DJ(E?)
]−1
ba
(3.43)
where E? is the invariant mass of the η(′)pi system.The denominator function is the matrix
[
DJ(E?)
]−1
ba
=
[
D(0)J (E?)
]−1
ba
− E
? 2
pi
∫ ∞
E? 2a
dE? ′ 2
ρJa (E
? ′)N Jab(E? ′)
E? ′ 2(E? ′ 2 − E? 2 − i) , (3.44)
and the production model is the same as the single channel case. The real part is given by the
K-matrix function [
D(0)J (E?)
]−1
ba
=
∑
r
gJa (r)g
J
b (r)
m2r − E? 2
+ cJab + d
J
abE
? 2, (3.45)
where gJa (r), c
J
ab = c
J
ba, and d
J
ab = d
J
ba are real parameters to be determined. Equation (3.45) is a
standard parameterization for the K-matrix found in literature.
The analysis performed in Ref. [5] showed three resonance poles: two D-wave resonances
a2(1320) and a2(1700) and single P -wave pi1 resonance. Table 3.2 shows the resonance parameters
as a result of the coupled channel analysis. Figures 3.11 and 3.12 show the intensity distributions
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with the best fit. Plotted in Fig. 3.13 are the pole positions in the complex E? 2-plane, where the
D-wave resonances are shown in red and the P -wave resonance in blue. The dark and light ellipses
are the 1σ and 2σ error bands, respectively. The D-wave parameters are consistent with the single
channel analysis, which is consistent with our expectation that poles away from thresholds should
be relatively at the same location regardless of the Riemann sheet. The P -wave determination is
consistent with a single isovector hybrid meson with quantum numbers JPC = 1−+, as suggested
by lattice QCD results [76–78]. Its mass and width are determined to be 1564 ± 24 ± 86 and
492 ± 54 ± 102 MeV, respectively. The statistical uncertainties are estimated via the bootstrap
technique, while the systematics due to model dependence are assessed by varying parameters and
functional forms that are not directly constrained by unitarity. Solutions with a second exotic pi1
pole were found, however the fit quality was not improved and was found unstable. Therefore,
given the COMPASS data, there is only evidence for a single hybrid candidate in JPC = 1−+.
3.3 SUMMARY
Scattering theory provides useful constraints for analysis of hadronic reactions. We applied gen-
eral unitary models to extract resonance parameters from the η(′)pi system using data from the
COMPASS experiment.
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Chapter 4
PHENOMENOLOGY OF ELASTIC 3→ 3 SCATTERING
Many of the excited hadrons decay into three particles. Since resonances are poles of scattering
amplitudes, hadrons such as the ω or a1(1260) require the same understanding of 3→ 3 amplitudes
as we discussed for the 2→ 2 case. The problem of constraining 3→ 3 reactions from the S-matrix
principles of unitarity and analyticity has been studied previously in Refs. [79–84]. However, with
little data, the program ceased progress in understanding the hadron spectrum. In this chapter,
we return to the problem of constructing on-shell representations for the elastic scattering of three
particles. Our description relies on the isobar approximation, where the amplitude is constructed
as a sum of truncated partial wave expansions. This provides a good description of three-particle
final states in the resonance region, where analyses of Dalitz plots indicate that they are dominated
by intermediate two-body resonances. For example, the decay of the a1(1260) resonance into three
pions occurs primarily via a decay to the ρpi intermediate state with the subsequent decay of ρ to
two pions [17, 18]. The isobar approximation can be regarded as an effective way to incorporate
the relevant singularities in all Mandelstam variables, and will be discussed in detail later.
4.1 KINEMATICS, INVARIANTS, & AMPLITUDES
We consider elastic scattering of three distinguishable, spinless particle, e.g. DpiD¯, KpiK¯, or
pi+pi−pi0. The particles have mass mj , where j = 1, 2, or 3 labels the individual particles. A
single particle state, with four-momentum pj = (ωj ,pj), where ωj =
√
m2j + |pj |2 is the en-
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ergy and pj is the three-momentum, is denoted |pj〉 and has relativistic normalization 〈p′k|pj〉 =
(2pi)3 2ωjδ
(3)(p′k − pj)δkj . We are interested in the S-matrix element of the elastic 3→ 3 scatter-
ing process. We can decompose the S-matrix as S = 1 + iT . The T -matrix contains two terms,
T = Td + Tc, where the disconnected part, Td, involves interactions of two particles at the time
with the third one being a spectator, while the connected part, Tc, contains interactions of all three
particles. The disconnected part can always be identified kinematically by the spectator momen-
tum conserving delta function [74]. The disconnected part is written as Td =
∑
j 1j ⊗ T (j), where
1j is the identity operator in the single particle space of the spectator, j and T
(j) describes 2→ 2
scattering between the other two particles. The amplitudes associated with the matrix elements
of scattering operators Td and Tc are defined as F and A, respectively. Specifically, the connected
amplitude A is given by
〈p′|Tc |p〉 = (2pi)4δ(4)(P ′ − P )A(p′;p), (4.1)
= A(p0;p)
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Figure 4.1: Diagrammatic representation of the disconnected 2→ 2 amplitude of Eq. (4.2) (black
disk with four external legs) and connected 3 → 3 amplitude of Eq. (4.1) (black disk with six
external legs). Figure adapted from Ref. [4].
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Figure 4.2: Momenta labels for three particles. The left side denotes the final state particles, while
the right is the initial state. Figure adapted from Ref. [4].
48
where |p〉 ≡ |p1p2p3〉 and |p′〉 ≡ |p′1p′2p′3〉 denote the initial and final states of the three particles,
and P = p1 +p2 +p3 and P
′ = p′1 +p
′
2 +p
′
3 are the initial and final total four-momenta, respectively,
as illustrated in Fig. 4.1. Time-Reversal symmetry implies that the amplitude is symmetric in
the initial-final state variables, A(p′;p) = A(p;p′). The chosen normalization implies that the
amplitude A(p′;p) has mass dimension −2. The disconnected amplitudes Fj are defined by
〈p′|Td |p〉 = (2pi)4δ(4)(P ′ − P )
3∑
j=1
(2pi)3 2ωjδ
(3)(p′j − pj)Fj(p′;p), (4.2)
where the delta function enforces that the spectator j does not interact. We remark that the Fj is
the genuine 2→ 2 scattering amplitude, as required by the LSZ construction [74]. We also define
Pj ≡ P − pj and P ′j ≡ P ′ − p′j as the initial and final total four-momenta of the interacting pair
recoiling against spectator j, cf. Fig. 4.2.
We adopt the so-called spectator notation or odd-one-out notation [85], where the 2 → 2
amplitudes associated with the spectator j are labeled by the spectator index. The spectator
notation requires additional information specifying the first particle in the two-particle system.
There are two conventions which are useful for our discussions: the two-pair convention, and the
cyclic convention. The two-pair convention is more practical when interaction in one of the three
pairs is negligible. An example of such a system is pi+pi+pi−, where the pi+pi+ system interacts
weakly. In this case it is convenient to choose the noninteracting system as, say, particles (13) and
designate particle 2 as the second particle for both the interacting sub-systems. Therefore, the
spectator index j = 1 and j = 3 uniquely identifies the two orderings in the pairs to be (32) and
(12), respectively. If the interactions in all three subchannels are important, one can define the
ordering through cyclical permutation, i.e. the spectator label j = 1, 2, 3 corresponds to ordering
of the two particles subsystems as (23), (31), and (12), respectively. For simplicity, in the following
we assume only two relevant subchannels, and use the former convention. Generalization to the
latter case is straightforward. The type of applications we have in mind are systems like MM¯pi
elastic scattering, where M is an open-flavor meson, such as K, D, and B. The interacting pairs
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will be assumed in the Mpi and M¯pi channels only, and pion being designated as particle j = 2.
The 3→ 3 amplitude depends on eight independent kinematic variables. The choice of variables
largely depends on the kinematical range of interest, e.g. the low vs high total energy region. Here
we are interested in the low-energy region and use the following redundant set of Mandelstam
variables,
s = (p1 + p2 + p3)
2 = (p′1 + p
′
2 + p
′
3)
2, (4.3a)
tjk = (pj − p′k)2 = (Pj − P ′k)2, (4.3b)
ujk = (Pj − p′k)2 = ((P − pj)− p′k)2, (4.3c)
σj = P
2
j = (P − pj)2, (4.3d)
σ′k = P
′2
k = (P − p′k)2. (4.3e)
where s, σj , and σ
′
k are the invariant mass squares of the total three particle system, the initial pair,
and the final pair, respectively. The transferred momenta, tjk and ujk, are between the initial and
final spectators and the initial pair and final spectator, respectively. The Mandelstam invariants
are related by energy-momentum conservation,
s+ tjk + ujk = σj + σ
′
k +m
2
j +m
2
k, (4.4a)
3∑
j=1
σj = s+
3∑
j=1
m2j , (4.4b)
3∑
k=1
σ′k = s+
3∑
k=1
m2k. (4.4c)
In the physical region of the 3→ 3 reaction, s can take any value above the three particle threshold,
s ≥ sth = (m1 + m2 + m3)2, while the subchannel invariant masses σj and σ′k are bounded by
σ
(th)
j ≤ σj ≤ (
√
s−mj)2 and σ(th)k ≤ σ′k ≤ (
√
s−mk)2, where σ(th)j are the sub-energy thresholds,
e.g. σ
(th)
1 = (m2 + m3)
2. We will need the relations between the invariants and energies and
scattering angles, in three reference frames. The frames of interest will be the overall center-of-
momentum frame (CMF) and the isobar rest frame (IRF). There are two IRFs corresponding to
50
CMF
IRF3
IRF1
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Figure 4.3: Connection between the three reference frames for the (32)1 → (12)3 system. The
total reaction plane in the CMF is shown in gray, and the initial and final IRFs are shown in blue
and green, respectively. The Lorentz boosts β1 and β
′
3 indicate the transformations between the
three frames. Figure adapted from Ref. [4].
the initial and final states: the initial IRFj , labeled by the spectator j, and the final IRF
′
k, labeled
with spectator k and a prime.
To distinguish momenta in the CMF we denote them by a ?, i.e. P? = P′? = 0. In the
CMF the scattering angle, Θ?kj , is defined as the angle between the initial and final state spectator
momenta, cos Θ?kj ≡ p̂′?k · p̂?j , where p̂?j and p̂′?k denote the CMF orientations of the initial and final
spectators, respectively. The kinematic variables in the other frames, IRFj (Pj = 0) and IRF
′
k
(P′k = 0) are obtained from the CMF by a Lorentz boost in the direction opposite to momentum
of the corresponding spectator. The momentum of the first particle in the pair is denoted by qj ,
and q′k in IRFj and IRF
′
k, respectively. Orientation of these momenta are given by solid angles,
q̂j = (γj , χj) and q̂
′
k = (γ
′
k, χ
′
k), respectively. Here, γj and γ
′
k are the azimuthal angles between
the decay plane of the isobar and the isobar-spectator scattering plane and χj and χ
′
k are helicity
angles, cf. Fig. 4.3 for the specific scheme (23)1 → (12)3. The relations between all relevant
kinematical variables and the Mandelstam invariants are given in Appendix A. In the following,
we will use the set (q̂′k, σk, s, tjk, σj , q̂j) to describe the isobar-spectator amplitude.
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Figure 4.4: Diagrammatic representation for the 2→ 2 disconnected amplitude unitarity relation
in Eq. (4.5). The red vertical dashed line indicates the intermediate particles are put on-shell.
Figure adapted from Ref. [4].
4.2 UNITARITY RELATIONS
We consider elastic unitarity in the physical region of the 3→ 3 reaction below inelastic thresholds.
It yields two relations [86], one for the disconnected 2→ 2 amplitude Fj and one for the connected
3→ 3 amplitude A. For Fj , one finds
ImFj(p′;p) = ρ2(σj)
∫
dq̂′′j F∗j (p′′;p′)Fj(p′′;p) (4.5)
where
ρ2(σj) =
1
64pi2
2|qj |√
σj
(4.6)
is the phase space for the two particle system, and q′′j is the intermediate state relative momentum.
The IRFs are defined with their z-axes defined along the opposite direction of the spectator and
their x-axes defined by their azimuthal angles w.r.t. the total CMF plane spanned by the initial
and final spectator momenta, cf. Fig. 4.3. Note that from energy-momentum conservation, |qj | =
|q′j | = |q′′j |. Figure 4.4 is a diagrammatic representations of Eq. (4.5). Elastic unitarity yields the
following condition for the connected 3→ 3 amplitude,
52
+
X
j,k
j 6=k
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Figure 4.5: Diagrammatic representation for the 3→ 3 connected amplitude unitarity relation in
Eq. (4.7). The red vertical dashed line indicates the intermediate particles are put on-shell. Figure
adapted from Ref. [4].
ImA(p′;p) = 1
2(2pi)5
∫
d3p′′1
2ω′′1
d3p′′2
2ω′′2
d3p′′3
2ω′′3
δ(4)(P ′′ − P )A∗(p′′;p′)A(p′′;p)
+
∑
k
ρ2(σ
′
k)
∫
dq̂′′k F∗k (p′′;p′)A(p′′;p)|p′′k=p′kΘ(σ′k − σ
(th)
k )
+
∑
j
ρ2(σj)
∫
dq̂′′j A∗(p′′;p′)|p′′j =pjFj(p′′;p)Θ(σj − σ
(th)
j )
+
∑
j,k
j 6=k
pi δ(ujk − µ2jk)F∗k (p′′;p′)|p′′j =pjFj(p′′;p)|p′′k=p′k ,
(4.7)
where µjk is the mass of the exchanged particle that is neither j nor k, e.g. if j = 1, and k = 3,
then the exchanged mass is µ13 = m2. Note that the evaluations p
′′
k = p
′
k in the second and fourth
lines enforce that σ′k = σ
′′
k , and similarly in lines three and four, p
′′
j = pj implies that σ
′′
j = σj .
Figure 4.5 is a diagrammatic representation of Eq. (4.7) and its derivation is given in Appendix B.
The implications of unitarity for the Fj are summarized below. The unitarity relation for the
connected, A amplitude is more complicated. The first term in Eq. (4.7) is analogous to the 2→ 2
case, in the sense that it is given by the product of the same connected amplitude A. The next two
terms originate from the contribution to S†S given by the product of Tc and Td, and represents
the situation when only two of the three particles rescatter. The last term is the contribution to
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the imaginary part of the connected amplitude from the product of two disconnect amplitudes and
reflects the real one particle exchange process. Since the unitarity relation deals with physical,
on-shell amplitudes, this last contribution is non-vanishing only when the exchanged particle is
on-shell, where it is singular and proportional to δ(ujk − µ2jk).
The implications of unitarity for the analytic properties of the 2→ 2 amplitude are well known,
and have been discussed in Chapter 2. We review the result here in this notation. In the physical
region the partial wave expansion
Fj(p′;p) =
∞∑
sj=0
N 2sjfsj (σj)Psj (q̂′j · q̂j), (4.8)
converges and reduces the integral relation given by Eq. (4.5) to a countable set of algebraic ones.
Here sj is the angular momentum of the two-particle system j defined in the IRFj-frame, N 2sj =
(2sj + 1)/4pi is a normalization constant, fsj (σj) is the partial wave amplitude, and Psj (q̂
′
j · q̂j) is
the Legendre polynomial describing the rotation dependence in terms of the cosine of the 2 → 2
scattering angle. The unitarity relation is diagonalized to the partial wave unitarity relation,
Im fsj (σj) = ρ2(σj)|fsj (σj)|2Θ(σj − σ(th)j ). (4.9)
This equation is automatically satisfied by
f−1sj (σj) = K
−1
sj (σj)−
1
pi
∫ ∞
σ
(th)
j
dσ̂
ρ2(σ̂)
σ̂ − σj (4.10)
where the K-matrix is a real function along the unitarity cut.
The 3 → 3 amplitude in the physical region can be expanded in partial waves in any of the
(12), (13), (23) subsystems. We refer to a subchannel of choice, e.g. (12) as the direct channel and
to the others as the cross channels. Since each term in the partial wave expansion is analytic in the
angular variables, and therefore in the (13) and (23) invariant masses, singularities in the latter
variables can happen only when the series diverges. In contrast to the 2 → 2 case, the unitarity
equations for each partial wave would not decouple, and would contain an infinite number of terms.
Since in practice one must truncate the series, the amplitude would be regular in the (13) and (23)
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invariant masses, and the information about the cross channels dynamics would be lost. Instead,
we will represent 3→ 3 amplitude in an isobar approximation, where only a finite number of terms
in the direct and cross channels are included.
4.3 THE ISOBAR REPRESENTATION
To be concrete, the partial wave expansion of the connected 3→ 3 amplitude reads
A(p′;p) =
∑
J
∑
`′k,s
′
k
∑
`j ,sj
MJ`′ks′k;`jsj (σ
′
k, s, σj)
∑
M
ZJM ∗`′ks′k (P̂
′?
k , q̂
′
k)Z
JM
`jsj (P̂
?
j , q̂j), (4.11)
where we project the amplitude onto the chosen j and k initial and final channels. Here sj (s
′
k) is the
angular momentum of the initial (final) pair, `j (`
′
k) is the angular momentum between the pair and
the spectator, J and M are the total angular momentum of the three particles and its projection,
and MJ`′ks′k;`jsj is the partial wave amplitude. The angles P̂
?
j and P̂
′?
k are the orientations of the
initial and final pair, which are related to the CMF scattering angle via cos Θ?kj = P̂
′?
k · P̂?j . The
functions ZJM`s contain the rotational dependence of the amplitude A, which are defined as
ZJM`s (P̂, q̂) = N`Ns
s∑
λ=−s
〈Jλ|`0sλ〉D(J)Mλ(P̂)D(s)λ0 (q̂). (4.12)
The Z-functions contain all the angular dependence, and they fulfill the orthonormality condition∫
dP̂
∫
dq̂ZJ
′M ′∗
`′s′ (P̂, q̂)Z
JM
`s (P̂, q̂) = δJJ ′δMM ′δ``′δss′ . (4.13)
More details are in Appendix C.
We next discuss the relation between partial wave expansion, isobar representation, and finally
the isobar approximation. The partial wave expansion given by Eq. (4.11) is in principle an exact
representation of the amplitude in the physical region of 3 → 3 scattering. However, unlike the
analogous expansion in 2→ 2 scattering, the partial wave expansion cannot be used in practice in
the 3→ 3 case.
In practice, one needs to restrict the series to a finite number of partial waves. In the physical
region of 2 → 2 scattering, the low-energy behavior of the partial waves is determined by barrier
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factors due to the finite range of interactions. This suppresses the strength of higher partial waves at
threshold, provided the latter are regular in the cross channel Mandelstam variables. Cross channel
exchanges generate singularities that spoil the convergence of the partial wave series. However, in
the 2 → 2 kinematics, these singularities do not overlap with the direct channel physical region.
Therefore, the partial wave series can be safely truncated in a finite domain of CMF energies above
the two particle threshold.
This is not the case, for example, when one of the particles can decay to the other three,
and similarly it is never the case for 3 → 3 scattering. If we consider indistinguishable particles,
explicit Bose symmetry is lost for theMJ`′ks′k;`jsj partial waves, since the partial wave expansion in
the initial and final states singles out specific two-body channels. The symmetry is only recovered
upon resummation. The isobar representation, in principle, takes care of this problem. One writes
the connected 3→ 3 amplitude as a redundant sum of expansions in all the initial and final pairs
to make the symmetry explicit. Bose symmetry is thus preserved upon truncation.
As discussed above, one can manage only a finite number of terms in the sums over the sub-
channel spins. Therefore one reduces the isobar representation
A(p′;p) =
∑
j,k
Akj(p′;p), (4.14)
to the isobar approximation, by representing the connected 3→ 3 amplitude as a sum over a finite
number of isobar-spectator amplitudes,
Akj(p′;p) =
∑
J
max′∑
`′k,s
′
k
max∑
`j ,sj
AJ`′ks′k;`jsj (σ
′
k, s, σj)
∑
M
ZJM ∗`′ks′k (P̂
′?
k , q̂
′
k)Z
JM
`jsj (P̂
?
j , q̂j), (4.15)
as shown in Fig. 4.6. The truncation is reflected by “max” in the sums. We projected the isobar-
spectator amplitudes onto the total angular momentum J of the three particle system. In the
following, we refer to AJ`′ks′k;`jsj (σ
′
k, s, σj) as the partial wave isobar spectator (PWIS) amplitudes.
We emphasize that, while truncation in s′k and sj cannot be avoided in practice, unitarity is
diagonal in the total angular momentum. Amplitudes for each J are thus independent and can in
principle be resummed.
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Figure 4.6: Diagrammatic representation of the isobar approximation amplitude in Eq. (4.14).
The double lines with the black disk represents the isobar amplitude fsj (σj), while the gray disk
represents the isobar-spectator amplitude Akj(p′;p). Figure adapted from Ref. [4].
We also stress that the PWIS amplitudes AJ`′ks′k;`jsj are not the genuine 3 → 3 partial wave
amplitudes MJ`′ks′k;`jsj in Eq. (4.11):
MJ`′ks′k;`jsj (σ
′
k, s, σj) = AJ`′ks′k;`jsj (σ
′
k, s, σj) +X
J
`′ks
′
k;`jsj
(σ′k, s, σj), (4.16)
whereXJ`′ks′k;`jsj
contains all the cross channel terms which recouple to the direct channel amplitude,
XJ`′ks′k;`jsj (σ
′
k, s, σj) =
∑
a 6=j,
b6=k
∑
`′b,s
′
b
∑
`a,sa
∫
dP̂′?k
∫
dq̂′k
∫
dP̂?j
∫
dq̂j AJ`′bs′b;`asa(σ
′
b, s, σa)
× ZJM`′ks′k(P̂
′?
k , q̂
′
k)Z
JM ∗
`′bs
′
b
(P̂′?b , q̂
′
b)Z
JM ∗
`jsj (P̂
?
j , q̂j)Z
JM
`asa(P̂
?
a, q̂a).
(4.17)
The kinematic relations given in Appendix A can be used to write the cross channel variables in
terms of the direct channel variables.
Often in the literature, Bose symmetry is considered as a motivation for Eq. (4.14). However,
this is completely independent: the representation can be applied to the distinguishable particle
case (in this case the various Akj(p′;p) contain different physics and have different functional
forms), and Bose symmetry can be imposed to the expansion in Eq. (4.11) without requiring
an explicit sum over channels. For example we consider the pi+pi−pi0 → pi+pi−pi0 process in the
isoscalar vector channel, where the ω is observed. Thinking in isospin basis, where the three pions
are indistinguishable, and in the charge basis, where they are distinguishable, leads to the same
form of the amplitude, showing that Bose symmetry plays no role in defining the representation.
Isobars parameterize the 2 → 2 dynamics in a given subchannel and angular momentum
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state. Contrary to the 2 → 2 partial waves, they have only right hand singularities constrained
by unitarity. The isobars can have resonant or bound state poles. In the N/D formalism, the
isobars can be identified with the denominator function, where the left hand cuts are removed
via a dispersive integral [52]. In the following, we will ignore all left hand singularities of the
2 → 2 amplitudes, and identify their partial waves with the isobars. Although we do not need
to assume any resonant content for the isobars (e.g. we could use an isobar to describe the
pi+pi+ dynamics), it is a popular picture to think of them as a quasi-particle, and to identify
the invariant mass and angular momentum of the pair with the isobar mass and spin. Isobars are
customarily labeled with the name of the dominant resonance, if any. Isobars can be parameterized
as in Eq. (4.10). For example, the a1(1260) decays into three pions dominantly in the ρpi and σpi
channels [87]. If one chooses to perform a truncated partial wave expansion of the 3→ 3 amplitude
in only the ρpi → a1(1260) → ρpi channel, rescattering effects between the ρpi → σpi isobars are
ignored. The isobar approximation corrects this by including amplitudes for σpi → a1(1260)→ ρpi,
ρpi → a1(1260)→ σpi, and σpi → a1(1260)→ σpi.
The approximation is expected to be valid at low values of energy, where a finite number of
singularities dominate the amplitude. Moving to higher energies, the left hand cuts controlling the
crossed 2→ 4 processes will become relevant, and the behavior of the amplitude will be controlled
by analyticity in angular momentum, rather than direct-channel unitarity.
Since the isobar approximation includes the cross channel effects in the summation, the isobar-
spectator amplitudes contain only normal threshold singularities determined by unitarity. There-
fore, the analytic structure of each isobar-spectator amplitude in the energy variables, s, σj , and
σ′k, are determined by unitarity.
The problem of convergence in J is more severe. The 3 → 3 amplitude contains an OPE
process (see the last diagram in Fig. 4.5), which can go on-shell in the direct channel, and results
in an interaction of infinite range. In this case the cross channel singularities overlap with the
physical region and project onto an infinite number of partial waves. The analytic properties of
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the projected amplitude are highly nontrivial. We discuss them in detail in Section 5.2. However,
since the main goal in this and similar studies of three particle scattering is to identify the spectrum,
ultimately one needs to deal with amplitudes of well defined total angular momentum J . In other
words, these amplitudes diagonalize unitarity, which is the basis for analytic continuation and
identification of complex singularities as resonance poles. For this reason, in the following we will
not address the problem of convergence in J .
4.3.1 PWIS UNITARITY RELATIONS
It is advantageous to introduce an amputated PWIS amplitude A˜J`′ks′k;`jsj , in which the isobar
amplitudes are factorized,
AJ`′ks′k;`jsj = fs′k(σ
′
k)A˜J`′ks′k;`jsj (σ
′
k, s, σj)fsj (σj). (4.18)
The amputation reduces the number of terms in the isobar-spectator unitarity relation by making
use of subchannel unitarity in Eq. (4.9). However, the amputated PWIS amplitudes still have a
non-trivial dependence on the subchannel energies due to rescattering effects. As shown in detail in
Appendix C, combining Eqs. (4.7), (4.9), (4.12), (4.13), (4.15), and (4.18) results in the amputated
PWIS unitarity relation
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′′
r , s, σ
′
k)A˜J`′′ns′′n;`jsj (σ′′n, s, σj)Θ(s− sth)
+
1
64pi2
√
s
1
|p′ ?k |
∑
r 6=k
∑
`′′r ,s′′r
∫ (√s−mr)2
σ
(th)
r
dσ′′r CJ`′ks′k;`′′r s′′r (σ
′
k, s, σ
′′
r )
× fs′′r (σ′′r ) A˜J`′′r s′′r ;`jsj (σ′′r , s, σj)Θ(σ′k − σ
(th)
k )
+
1
64pi2
√
s
1
|p?j |
∑
n6=j
∑
`′′n,s′′n
∫ (√s−mn)2
σ
(th)
n
dσ′′n CJ`′′ns′′n;`jsj (σ′′n, s, σj)
× f∗s′′n(σ′′n) A˜J ∗`′ks′k;`′′ns′′n(σ
′
k, s, σ
′′
n)Θ(σj − σ(th)j )
+
pi
2|p?j ||p′?k |
CJ`′ks′k;`jsj (σ
′
k, s, σj)(1− δjk)Θ(1− cos2 θ?kj),
where CJ`′′ns′′n;`′′r s′′r (σ′′n, s, σ′′r ) is a purely kinematical recoupling coefficient between different interme-
diate state isobars,
CJ`ksk;`jsj (σk, s, σj) = 2piNsjNskN`jN`kN−2J
∑
λk,λk
〈Jλk|`k0skλk〉 〈Jλj |`j0sjλj〉
× d(sk)λk0 (cosχk) d
(J)
λkλj
(cos θ?kj) d
(sj)
λj0
(cosχj).
(4.19)
The recoupling coefficients relate two different orientations of three particles in the same frame
[83, 85, 88]. Appendix C contains details on the derivation of the recoupling coefficients from the
rotational matrices in Eq. (4.12). The helicity angles and the CMF angle between particles j and
k, θ?kj , are functions of the invariants (cf. Appendix A).
The second term contains two integrals over the Dalitz region of the three-particles in the
intermediate state, where the physical region is bounded by σ
(th)
n ≤ σ′′n ≤ (
√
s−mn)2 and σ(−)r ≤
σ′′r ≤ σ(+)r , where σ (±)r is a function of σ′′n and gives the physical boundary cosχ′′n = ±1, e.g. for
60
+
X
n,r
n 6=r
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Figure 4.7: Diagrammatic representation for the amputated PWIS unitarity relation in Eq. (4.19).
The black disks in the internal legs represent the isobars, which are amputated from the external
legs, see Eq. (4.18). The cuts across the OPE in the intermediate states yield recoupling coefficients.
Figure adapted from Ref. [4].
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Eq. (4.19) is illustrated in Fig. 4.7. Appendix C contains a sketch of the derivation of the am-
putated PWIS unitarity relations. The first term of Eq. (4.19) involves the direct propagation
of an isobar in the intermediate state, whereas the second, third, and fourth term involve the
exchange of a particle between isobars. The rescattering between isobars modifies the line shape
of the isobar amplitudes [89, 90]. The final term is the contribution from the OPE process, which
gives and additional imaginary part to the amplitude in the physical region. At this stage we have
not factored out the threshold factors from partial waves. This is straightforward to implement,
however we do not do it here as we consider angular momenta in S-wave in the next chapter.
We have used S-matrix theory to construct the unitarity relations for the 3 → 3 scattering
amplitude. The isobar model was used to aid in the construct and provide a systematic method to
truncate higher partial waves. In the following chapter, we introduce an on-shell representation for
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the PWIS amplitude which satisfy the unitarity relations in Eq. (4.19). We call this the B-matrix
representation, and we will investigate some of its analytic properties.
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Chapter 5
THE B-MATRIX REPRESENTATION
In the previous chapter, we established the unitarity constraints and isobar representation for
elastic 3 → 3 scattering. We use the isobar representation to describe the 3 → 3 amplitude,
A = ∑Akj , where the indices k and j label the spectator particle in the final and initial state,
respectively. We refer to the Akj ’s as isobar-spectator amplitudes, since they can be pictured as
scattering of a quasi-particle, the isobar, and a stable spectator. The latter are expanded in partial
waves of the three-particle system. Unitarity constrains the 3→ 3 amplitudes on the real energy
axis, which results in specific relations involving the imaginary parts of the partial-wave-projected
isobar-spectator amplitudes. Unitarity alone does not uniquely specify partial wave amplitudes,
as evident, for example, in the K-matrix parametrization of 2→ 2 scattering amplitudes [51, 60].
We now discuss a specific parameterization for the isobar-spectator amplitudes which satisfies the
three-body and two-body unitarity. It is given as a solution of a set of linear integral equations
that involve, among others, the one particle exchange (OPE) as a driving term. We call this the
B-matrix parameterization and it satisfies,
Akj = Bkj + BknτnAnj , (5.1)
where B is the driving term that contains the OPE, τ is a known function of the phase space and
of the 2 → 2 amplitudes. The product formally represents an integration over the intermediate
isobar mass. In contrast to Ref. [84], we restrict the domain of the integrals to physical values of
energies. This enables us to use the experimentally accessible subchannel amplitudes and we also
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discuss the consequences of this restriction. We derive Eq. (5.1) for isobars with arbitrary spin s,
and for any value of the isobar-spectator orbital angular momentum `.
The B-matrix parameterization can be analytically continued to the complex energy plane and
in Sec. 5.2 we discuss aspects of its analytic properties. Specifically, the one particle exchange
process has some unique features, as it contains a kinematic singularity due to the exchange of a
real particle, which can be isolated from the full 3→ 3 scattering amplitude. In addition, we also
study the triangle amplitude that emerges from the B-matrix parameterization, and the relation
to the Bethe-Salpeter solution.
5.1 DESCRIPTION OF THE B-MATRIX REPRESENTATION
Motivated by S-matrix theory, we present a parameterization for the PWIS amplitudes that satisfies
real axis unitarity given by Eq. (4.19). In the 2 → 2 case, the K-matrix, f−1 = K−1 − iρ2, is an
example of a parameterization satisfying unitarity. For the 3 → 3 case, we present the B-matrix
parameterization for the PWIS amplitudes. The B-matrix parameterization is a linear integral
equation for the amputated PWIS amplitudes that satisfy the unitarity relations Eq. (4.19):
A˜J`′ks′k;`jsj (σ
′
k, s, σj) = B˜J`′ks′k;`jsj (σ
′
k, s, σj)
+
∑
n
∑
`′′n,s′′n
∫ (√s−mn)2
σ
(th)
n
dσ′′n B˜J`′ks′k;`′′ns′′n(σ
′
k, s, σ
′′
n)τn(s, σ
′′
n)A˜J`′′ns′′n;`jsj (σ′′n, s, σj),
(5.2)
where the B-matrix B˜J`′ks′k;`jsj contains two terms,
B˜J`′ks′k;`jsj = R˜
J
`′ks
′
k;`jsj
+ E˜J`′ks′k;`jsj . (5.3)
The function E˜J`′ks′k;`jsj is the amputated partial wave OPE amplitude, R˜
J
`′ks
′
k;`jsj
is a real function
that represents the short-distance three-body interactions unconstrained by unitarity, and τn is
the product of the isobar-spectator phase space between and of the isobar amplitude
τn(s, σn) = ρ3(s, σn)fsn(σn), (5.4)
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with
ρ3(s, σn) =
1
64pi3
2|p?n|√
s
. (5.5)
The parameterization is diagrammatically represented in Fig. 5.1. The OPE amplitude is defined
as
Ekj(p′;p) = Fk(p′;p) 1
µ2jk − ujk − i
Fj(p′;p), (5.6)
where we note that the OPE only contributes to off-diagonal amplitudes, i.e. j 6= k. In principle,
the OPE could contain a regular function of the energy in addition to the pole term, however
unitarity only constrains the pole, and we assume all other real functions to be absorbed by
R. The amputated partial wave projected OPE amplitude E˜J`′ks′k;`jsj can be constructed using
Eqs. (4.15) and (4.18). By construction, R is defined to have no threshold singularities in the
three-particle physical region. The R represents the freedom of short-distance physics for the
scattering of three particles, and can be any real function. The function R contains information on
three body resonances, and can be modeled with pole terms similar to the K-matrix in the 2→ 2
case, so long as there are no singularities in the physical region of the amplitude. In an effective field
theory approach, it represents a low order polynomial of contact interactions. For simplicity, in the
following we assume the latter for R. Appendix D illustrates how the B-matrix parameterizations
satisfies the amputated PWIS unitarity relations. Aspects of its analytical properties are examined
in Sec. 5.2.
The B-matrix parameterization in Eq. (5.2) differs from Mai et al. [84] in the lower limit of
the integral: the latter is derived using Lippman-Schwinger equations with a relativistic potential
model, and includes contributions from the unphysical subthreshold region, σn < σ
(th)
n . Obviously,
both parameterization have the same imaginary part in the physical region, since both satisfy
unitarity.
For notational simplicity, let A˜kj(s) ≡ A˜J`′k,s′k;`j ,sj (σ
′
k, s, σj), so that the amplitudes are matrices
in the isobar sub-energies and angular momenta, which are indicated by the spectator indices.
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(b)
Figure 5.1: (a) Diagrammatic representation of the B-matrix parameterization in Eq. (5.2). The
gray disk represent the amputated PWIS, and the gray box the B-matrix. (b) The B-matrix is
composed of a short-range real R amplitude, and the OPE E , see Eq. (5.3). Figure adapted from
Ref. [4].
Equation (5.2) is then a matrix relation with the integrations over intermediate isobars formally
represented as matrix multiplications. Recalling that we work with the convention that isobars
exists only in the (12) and (32) channels, we write the B-matrix parameterization as the set of
coupled equations
A˜13(s) = B˜13(s) + B˜13(s)τ3(s)A˜33(s), (5.7a)
A˜33(s) = B˜31(s)τ1(s)A˜13(s), (5.7b)
with the other two amplitudes given by a similar set of equations,
A˜31(s) = B˜31(s) + B˜31(s)τ1(s)A˜11(s), (5.8a)
A˜11(s) = B˜13(s)τ3(s)A˜31(s). (5.8b)
The Eqs. (5.7) can be combined into one integral equation for A˜13,
A˜13(s) = B˜13(s) +K11(s)τ1(s)A˜13(s), (5.9)
where the kernel K11 is
K11(s) = B˜13(s)τ3(s)B˜31(s). (5.10)
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Similarly, Eqs. (5.8) give
A˜31(s) = B˜31(s) +K33(s)τ3(s)A˜31(s), (5.11)
where the kernel K33 is given by exchanging the 1↔ 3 indices in Eq. (5.10). Eqs. (5.9) and (5.11)
can be formally inverted to yield the solutions,
A˜13(s) = [1−K11(s)τ1(s)]−1 B˜13(s), (5.12a)
A˜33(s) = [1−K33(s)τ3(s)]−1K33(s), (5.12b)
A˜31(s) = [1−K33(s)τ3(s)]−1 B˜31(s), (5.12c)
A˜11(s) = [1−K11(s)τ1(s)]−1K11(s), (5.12d)
Several terms can be identified in the kernels, Kkj(s) = Gkj(s)+Hkj(s)+T (1)kj (s)+T (2)kj (s), where G
is a bubble diagram, H is a box diagram, and the T ’s are triangle diagrams, generated by integrals
over OPE and contact terms in Eq. (5.3). Explicitly,
Gkj(s) =
∑
n
R˜kn(s)τn(s)R˜nj(s), (5.13a)
T (1)kj (s) =
∑
n
E˜kn(s)τn(s)R˜nj(s), (5.13b)
T (2)kj (s) =
∑
n
R˜kn(s)τn(s)E˜nj(s), (5.13c)
Hkj(s) =
∑
n
E˜kn(s)τn(s)E˜nj(s). (5.13d)
These diagrams occur in the denominators of the amplitudes in Eqs. (5.12), cf. Fig. 5.2. They
differ to the Feynman diagrams obtained in a perturbative QFT since the integrations are only
over the physical region, changing the analytic structure below threshold (see Sec. 5.2).
The solutions can be interpreted as an infinite series of exchange and bubble diagrams. For
example, expanding the solution for A˜13,
A˜13(s) = B˜13(s) +K11(s)τ1(s)B˜13(s)
+K11(s)τ1(s)K11(s)τ1(s)B˜13(s) + · · · .
(5.14)
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[1 K33(s)⌧3(s)] 1
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Figure 5.2: The denominator of the B-matrix parameterization contains four primitive diagrams
associated with the rescattering of the B-matrix: (a) bubble diagram, (b) and (c) triangle diagrams,
and (d) box diagram. Figure adapted from Ref. [4].
The first term is the OPE and contact interaction, the second term is a ladder diagram with three
exchanges, and various combinations of bubbles and OPE, and so on. The unitarization of bubble
diagrams has been considered in quasi-two-body models [1, 91–93]. In these models it is easy to
show how additional cuts appear in the unphysical sheets due to the isobar decay.
Three-body resonances manifest as poles in the complex s-plane of the scattering amplitude.
Rearranging the constituents of the kernel relates the two denominators
B˜13(s)τ3(s) [1−K33(s)τ3(s)]−1
= [1−K11(s)τ1(s)]−1 B˜13(s)τ3(s).
(5.15)
Thus, we can write the full 3 → 3 amplitude in terms of a single Fredholm determinant. The
determinants are independent of the external isobar energies, and the intermediate integrations
will modify the phase space factors to incorporate rescattering effects. Resonance poles can be
determined by solving
det [1−K11(s)τ1(s)] = 0. (5.16)
The B-matrix solutions are real-boundary values of analytic functions in the complex s-plane. The
physical amplitudes are defined by s → s + i, σj → σj + i, and σ′k → σ′k + i. Aspects of its
analytic properties are discussed in the following section.
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5.2 ASPECTS OF ANALYTIC PROPERTIES
In this section, we examine the singularities of the OPE amplitude and the triangle diagram from
the B-matrix parameterization. We numerically evaluate an amplitude where all external particles
have unit mass (m1 = m2 = m3 = 1) and coupling. In these studies, the units are arbitrary.
For simplicity, we consider S-waves only, i.e. J(`′s′)k(`s)j = 0(00)k(00)j . Generalizing to nonzero
angular momenta does not change the analytic properties.
5.2.1 ONE PARTICLE EXCHANGE
As seen in Eqs. (5.13), the building block for the B-matrix kernels is the OPE amplitude. Projecting
Eq. (5.6) using Eq. (4.15) gives the S-wave OPE amplitude,
E˜Skj(σ′k, s, σj) =
1
4|p′?k ||p?j |
log
(
zkj − 1
zkj + 1
)
. (5.17)
where zkj is given as
zkj =
2s(σj +m
2
k − µ2jk)− (s+ σj −m2j)(s+m2k − σ′k)
λ1/2(s, σj ,m2j)λ
1/2(s, σ′k,m
2
k)
, (5.18)
where λ(a, b, c) = a2 + b2 + c2 − 2(ab + bc + ca) is the Ka¨lle´n triangle function. Eq. (5.18). We
investigate the OPE as a function of s for fixed real σj and σ
′
k. The imaginary part of the OPE is
Im E˜Skj(σ′k, s, σj) =
pi
4|p?j ||p′?k |
Θ(1− |zkj |2), (5.19)
which is given by the unitarity relations in Eq. (4.19). The OPE has four branch points in s, one
at zero, one at infinity, and two which we label s
(±)
kj ,
s
(±)
kj =
1
2µ2jk
[
(m2k − σj)(m2j − σ′k)− µ4jk
+ µ2jk(m
2
k +m
2
j + σj + σ
′
k)
± λ1/2(µ2jk,m2k, σj)λ1/2(µ2jk,m2j , σ′k)
]
,
(5.20)
which depend on the isobar invariant masses. The momenta in the denominator do not contribute
additional branch points, because the logarithm vanishes and cancel the singularity, as expected
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from the S–wave threshold behavior. The s
(±)
kj branch points are in general complex. There are
then two branch cuts: one where s ∈ (−∞, 0], called the virtual particle exchange (VPE) cut, and
one connecting s
(−)
kj to s
(+)
kj , called the real particle exchange (RPE) cut. The VPE cut is associated
with the exchange of a virtual particle, generating long-range forces. Historically, the RPE cut is
associated with the exchange of a real particle between isobars, i.e. when it is kinematically allowed
for an isobar to decay. This corresponds to when the RPE branch points lie on the real axis above
the isobar-spectator threshold. If the isobar invariant masses are below the decay threshold, then
the RPE branch points move in the complex plane below the isobar-spectator threshold. For
convenience, however, we will always call this the RPE cut, and emphasize that a real particle
exchange occurs only if it is kinematically accessible. Note that although the value of the isobar
mass dictates the physics of the OPE, the OPE is blind to the decay products of the isobar and
the physical threshold in s is max{(√σj +mj)2, (
√
σ′k +mk)
2}.
We can understand the analytic structure of the OPE by writing a dispersive representation in
s. Eq. (5.19) is nonzero in two regions, leading to the relation
E˜Skj(σ′k, s, σj) =
∫
ΓV
ds′
1
s′ − s− i
1
4|p′?k ||p?j |
+
∫
ΓR
ds′
1
s′ − s− i
1
4|p′?k ||p?j |
,
(5.21)
where ΓV is the contour over the VPE cut and ΓR is the contour over the RPE cut. The integrand
has four branch points associated with the thresholds and pseudo-thresholds of the initial and final
momenta. We choose to orient the branch cuts such that the lowest branch point (min{(√σ′k −
mk)
2, (
√
σj−mj)2}) has a cut running to −∞, the highest branch point (max{(
√
σ′k+mk)
2, (
√
σj+
mj)
2}) has a cut running to +∞, and the other two branch points have a branch cut joining them.
The contour ΓV is always taken above the real axis, whereas the contour ΓR depends on the
external masses. The physical amplitude is defined as the boundary value when s→ s+ i , below
the RPE cut.
For fixed σj > σ
(th)
j , the RPE cut can be categorized by different regions in σ
′
k. In Fig. 5.3,
we illustrate how the analytic structure of the integrand and the integration contours change in
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<latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit>
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<latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit><latexit sha1_base64="MfIgtF CI52UsT4O4TVrkoXksx+o=">AAAJBXichZZbb9MwFIDDuKyM2wYPPPAS MU0aAlXNNgket7VcJsRuMHZLqZz0tLVqJ6nt0HZWnvkhvLI3xCv/Aol/ g5N2c+p0IlIjx9/nY/fkJI4XEcxFpfL32sz1GzdvzZZuz925e+/+g/m Fh595GDMfDvyQhOzIQxwIDuBAYEHgKGKAqEfg0OtWU374FRjHYfBJDCO oU9QOcAv7SKiuxvzjZZf3mJAux22KGqvJc9pYffZlpTG/WClXssMuNp xxY9EaH7uNhdk/bjP0YwqB8Ani/NSpRKIuERPYJ5DMuTGHCPld1IZT1Q wQBV6X2T9I7CXV07RbIVO/QNhZb36ERJTzIfWUSZHocJOlndPYaSxar+ oSB1EsIPBHE7ViYovQTtNhNzEDX5ChaiCfYbVW2+8ghnyhkja3tFGrb X3a2tn+ODGhx1AXRDLZ54WkOdmVrkaEIeGT3VxlpwPKnXMD6PshpShoS jcIEnUKg5h6wJJJhkExoFFH4jKUE3fAVTAwJBCIJNJ2BQxUIUgQNiJXu u2LgFBuXyV50EvScxsHEnpxVjGJGShzQDWvMrw+XEbp4yaky0v+FzUb MxE1u7ocb/iDwSA5depSzdOy3ax6JFMpthcdUx0OhwXVIzFMc8/Ozgpu mwEEFzKDvL6r1pzec68ld81Qe5rtmey9Zu9NFmkWmaynWa+4mq6mXXNk RbOKyZwL5lFZyMiKHrhislXNVk22ptmayQLNCoUw0GxQuJOaDQt3TrM zkx1pdmSyY82OTXai2YnJNsbMR0RumHAzBzdNWM3BqglrOVgz4escfG3 CNzn4xoRvc/BtoRr9HC3U434O7ptwOwe3ixW5k8M7hezmpy3m11M0VB tZus9NpNpM53SxWhD7Inu03eyVgkkTpHqm7YLV0VYHiakO9VojaVwc05 zw60i5XNk0yeMjKd1J0s0uJFM1zsceVxtWJMZnMSQ6ag3UFszgg1rQTg QMCfXicjFVqUnfnnKLJu6LqzQGF9o+pJr6EnDMfb/Y+LxSdiplZ29tc X15/E1Qsp5YT61ly7FeWuvWO2vXOrB8K7G+Wz+s89K30nnpZ+nXSJ25N h7zyJo4Sr//ARm6YF4=</latexit>
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Figure 5.3: Cut structure of the OPE integrand Eq. (5.19) in the s′-plane, and the OPE integration
paths for the RPE contour (ΓR in red) and the VPE contour (ΓV in blue) for the dispersive
integral Eq. (5.21). The four cases as a function of σ′1 are: (a) σ
′
1 ≥ σ(b)1 , (b) σ(a)1 ≤ σ′1 ≤ σ(b)1 ,
(c) σ
(th)
1 ≤ σ′1 ≤ σ(a)1 , and (d) σ′1 ≤ σ(th)1 . Real particle exchange cannot occur in case (d). In the
logarithmic representation Eq. (5.17), the RPE cut is circular. Figure adapted from Ref. [4].
these regions. Assuming a small imaginary part µ2jk → µ2jk − i, the RPE branch points have a
finite imaginary part for σ′k < σ
(th)
k , with opposite signs. When σ
′
k > σ
(th)
k , the branch points
are infinitesimally close to the real axis. In the physical region, s
(−)
kj has inflection points at two
locations of σ′k:
σ
(a)
k = m
2
j + µ
2
jk +
mj(σj + µ
2
jk −m2k)√
σj
, (5.22a)
σ
(b)
k = −
1
2m2k
[
2m2k(σj −m2j)−m4k (5.22b)
− (σj − µ2jk)2 + (m2k + µ2jk − σj)
×
√
4m2jm
2
k + λ(σj , µ
2
jk,m
2
k)
]
,
which follow from ds
(−)
kj /dσ
′
k = 0 corresponding to Im s
(−)
kj = 0. Both σ
(a)
k and σ
(b)
k correspond to
when s
(−)
kj crosses the real s-axis. The s
(+)
kj branch point always lies in the upper-half plane.
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<latexit sha1_base64="AnbrTLJsE45xa6rcZeyWfqrJ8ps=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIXs9LSN6lxqO9AQ5SfsdbxNe90fmrR/ MydNceoULVIj19/n49NjJy72ic14tfp35tHjJ0+fzZaez714+er1m/mFt6fMC6gFJ5ZHPNrEiAGxXTjhNifQ9CkgBxM4w/16ws+ugTLbc4956EPLQV3X7tgW4qLraAl/vJovVyvV9NKLDSNrlLXs2r9amP1jtj0rcMDlFkGMXRpVn7ciRLltEYjnzICBj6w+6sKlaLrIAdaK0lxjfVH0tPWOR8XH5Xramx8RIYex0MHCdBDvMZUlndPYZcA7X1qR7foBB9caTdQJiM 49PfnhetumYHESigayqC1y1a0eosjiojxzi2uNxvbx9t7u0cSEmKI+8HiyD3ukPdmVZMM9j7DJbiaq0wPhzpku3Fie4yC3HZmuG4ub5wYOBhpPMhsEA8fvRXYFKrE5ZCIYKBJwROJINzkMxZJHwHVEHnS744BQ6T4kYRjEyb1ruxEMgnRvxGqg1AHRfMjAN3Af5cZuQ5Je/L+o6ZiJqOm3+/GKPxwO40ujFYl5OrqZ7p6IihLrZUNVwzAsqJgEMM29vb0tuF0K4I5l Cnl9X+ScrDnuRPtqqAPJDlS2I9mOynzJfJUNJBsUs+lL2ldHViWrqswYM+xEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxZiERrKlzPwXUV1nOwrsJGDjZUuJGDGyrczMFNFW7l4FZhN1o5WtiPhzl4qMLdHNwt7si9HN4rVDc/bbG+WFBPHFnJiTZRarWc08V6Qbzh6aNtpq8Um7QhEs+0XrB60uohPtVxcGckZZtjmu Ndj5T7zKZJmI2k5CRJDjuPTNUYyzwmDiyfZ3ceEhm1AeIIpvBNJLTnA0VcvLhM2xGlSd6e0bYTm58e0iiMtUNINPFPwFDP/WLjtFYxqhXjoFZebWT/CUrae+2DtqQZ2mdtVfuq7WsnmqV1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9V81gK</latexit><latexit sha1_base64="AnbrTLJsE45xa6rcZeyWfqrJ8ps=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIXs9LSN6lxqO9AQ5SfsdbxNe90fmrR/ MydNceoULVIj19/n49NjJy72ic14tfp35tHjJ0+fzZaez714+er1m/mFt6fMC6gFJ5ZHPNrEiAGxXTjhNifQ9CkgBxM4w/16ws+ugTLbc4956EPLQV3X7tgW4qLraAl/vJovVyvV9NKLDSNrlLXs2r9amP1jtj0rcMDlFkGMXRpVn7ciRLltEYjnzICBj6w+6sKlaLrIAdaK0lxjfVH0tPWOR8XH5Xramx8RIYex0MHCdBDvMZUlndPYZcA7X1qR7foBB9caTdQJiM 49PfnhetumYHESigayqC1y1a0eosjiojxzi2uNxvbx9t7u0cSEmKI+8HiyD3ukPdmVZMM9j7DJbiaq0wPhzpku3Fie4yC3HZmuG4ub5wYOBhpPMhsEA8fvRXYFKrE5ZCIYKBJwROJINzkMxZJHwHVEHnS744BQ6T4kYRjEyb1ruxEMgnRvxGqg1AHRfMjAN3Af5cZuQ5Je/L+o6ZiJqOm3+/GKPxwO40ujFYl5OrqZ7p6IihLrZUNVwzAsqJgEMM29vb0tuF0K4I5l Cnl9X+ScrDnuRPtqqAPJDlS2I9mOynzJfJUNJBsUs+lL2ldHViWrqswYM+xEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxZiERrKlzPwXUV1nOwrsJGDjZUuJGDGyrczMFNFW7l4FZhN1o5WtiPhzl4qMLdHNwt7si9HN4rVDc/bbG+WFBPHFnJiTZRarWc08V6Qbzh6aNtpq8Um7QhEs+0XrB60uohPtVxcGckZZtjmu Ndj5T7zKZJmI2k5CRJDjuPTNUYyzwmDiyfZ3ceEhm1AeIIpvBNJLTnA0VcvLhM2xGlSd6e0bYTm58e0iiMtUNINPFPwFDP/WLjtFYxqhXjoFZebWT/CUrae+2DtqQZ2mdtVfuq7WsnmqV1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9V81gK</latexit><latexit sha1_base64="AnbrTLJsE45xa6rcZeyWfqrJ8ps=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIXs9LSN6lxqO9AQ5SfsdbxNe90fmrR/ MydNceoULVIj19/n49NjJy72ic14tfp35tHjJ0+fzZaez714+er1m/mFt6fMC6gFJ5ZHPNrEiAGxXTjhNifQ9CkgBxM4w/16ws+ugTLbc4956EPLQV3X7tgW4qLraAl/vJovVyvV9NKLDSNrlLXs2r9amP1jtj0rcMDlFkGMXRpVn7ciRLltEYjnzICBj6w+6sKlaLrIAdaK0lxjfVH0tPWOR8XH5Xramx8RIYex0MHCdBDvMZUlndPYZcA7X1qR7foBB9caTdQJiM 49PfnhetumYHESigayqC1y1a0eosjiojxzi2uNxvbx9t7u0cSEmKI+8HiyD3ukPdmVZMM9j7DJbiaq0wPhzpku3Fie4yC3HZmuG4ub5wYOBhpPMhsEA8fvRXYFKrE5ZCIYKBJwROJINzkMxZJHwHVEHnS744BQ6T4kYRjEyb1ruxEMgnRvxGqg1AHRfMjAN3Af5cZuQ5Je/L+o6ZiJqOm3+/GKPxwO40ujFYl5OrqZ7p6IihLrZUNVwzAsqJgEMM29vb0tuF0K4I5l Cnl9X+ScrDnuRPtqqAPJDlS2I9mOynzJfJUNJBsUs+lL2ldHViWrqswYM+xEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxZiERrKlzPwXUV1nOwrsJGDjZUuJGDGyrczMFNFW7l4FZhN1o5WtiPhzl4qMLdHNwt7si9HN4rVDc/bbG+WFBPHFnJiTZRarWc08V6Qbzh6aNtpq8Um7QhEs+0XrB60uohPtVxcGckZZtjmu Ndj5T7zKZJmI2k5CRJDjuPTNUYyzwmDiyfZ3ceEhm1AeIIpvBNJLTnA0VcvLhM2xGlSd6e0bYTm58e0iiMtUNINPFPwFDP/WLjtFYxqhXjoFZebWT/CUrae+2DtqQZ2mdtVfuq7WsnmqV1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9V81gK</latexit><latexit sha1_base64="AnbrTLJsE45xa6rcZeyWfqrJ8ps=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIXs9LSN6lxqO9AQ5SfsdbxNe90fmrR/ MydNceoULVIj19/n49NjJy72ic14tfp35tHjJ0+fzZaez714+er1m/mFt6fMC6gFJ5ZHPNrEiAGxXTjhNifQ9CkgBxM4w/16ws+ugTLbc4956EPLQV3X7tgW4qLraAl/vJovVyvV9NKLDSNrlLXs2r9amP1jtj0rcMDlFkGMXRpVn7ciRLltEYjnzICBj6w+6sKlaLrIAdaK0lxjfVH0tPWOR8XH5Xramx8RIYex0MHCdBDvMZUlndPYZcA7X1qR7foBB9caTdQJiM 49PfnhetumYHESigayqC1y1a0eosjiojxzi2uNxvbx9t7u0cSEmKI+8HiyD3ukPdmVZMM9j7DJbiaq0wPhzpku3Fie4yC3HZmuG4ub5wYOBhpPMhsEA8fvRXYFKrE5ZCIYKBJwROJINzkMxZJHwHVEHnS744BQ6T4kYRjEyb1ruxEMgnRvxGqg1AHRfMjAN3Af5cZuQ5Je/L+o6ZiJqOm3+/GKPxwO40ujFYl5OrqZ7p6IihLrZUNVwzAsqJgEMM29vb0tuF0K4I5l Cnl9X+ScrDnuRPtqqAPJDlS2I9mOynzJfJUNJBsUs+lL2ldHViWrqswYM+xEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxZiERrKlzPwXUV1nOwrsJGDjZUuJGDGyrczMFNFW7l4FZhN1o5WtiPhzl4qMLdHNwt7si9HN4rVDc/bbG+WFBPHFnJiTZRarWc08V6Qbzh6aNtpq8Um7QhEs+0XrB60uohPtVxcGckZZtjmu Ndj5T7zKZJmI2k5CRJDjuPTNUYyzwmDiyfZ3ceEhm1AeIIpvBNJLTnA0VcvLhM2xGlSd6e0bYTm58e0iiMtUNINPFPwFDP/WLjtFYxqhXjoFZebWT/CUrae+2DtqQZ2mdtVfuq7WsnmqV1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9V81gK</latexit>
(c)
<latexit sha1_base64="JWogswNGYTTYa9BaTTGiJk7X6t8=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIUc97SN6lxqO9AQ5SfsdbxNe90fmrR /MydNceoULVIj19/n49NjJ67lE5vxavXvzKPHT54+my09n3vx8tXrN/MLb0+ZF1AMJ9gjHm1aiAGxXTjhNifQ9CkgxyJwZvXrCT+7Bspszz3moQ8tB3Vdu2NjxEXX0RL+eDVfrlaq6aUXG0bWKGvZtX+1MPvHbHs4cMDlmCDGLo2qz1sRotzGBOI5M2DgI9xHXbgUTRc5wFpRmmusL4qett7xqPi4XE978yMi5DAWOpYwHcR7TGVJ5zR2GfDOl1Zku37AwcWjiTo B0bmnJz9cb9sUMCehaCBMbZGrjnuIIsxFeeYW1xqN7ePtvd2jiQktivrA48k+yyPtya4kG+55hE12M1GdHgh3znThBnuOg9x2ZLpuLG6eGzgW0HiS2SAYOH4vsitQic0hE8FAkYAjEke6yWEoljwCriPyoNsdB4RK9yHJgkGc3Lu2G8EgSPdGrAZKHRDNhwzrBu6j3NhtSNKL/xc1HTMRNf12P17xh8NhfGm0IjFPRzfT3RNRUWK9bKhqGIYF1SIBTHNvb28LbpcC uGOZQl7fFzkna251on011IFkByrbkWxHZb5kvsoGkg2K2fQl7asjq5JVVWaMmeVEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxhRKI1Fa7n4LoK6zlYV2EjBxsq3MjBDRVu5uCmCrdycKuwG3GOFvbjYQ4eqnA3B3eLO3Ivh/cK1c1PW6yvJagnjqzkRJsotVrO6WK9IN7w9NE201eKTdoQiWdaL1g9afUQn+o4Vmck ZZtjmuNdj5T7zKZJFhtJyUmSHHYemaoxlnlMHFg+z+48JDJqA8QRTOGbSGjPB4q4eHGZtiNKk7w9o20nNj89pFEYa4eQaOKfgKGe+8XGaa1iVCvGQa282sj+E5S099oHbUkztM/aqvZV29dONKx1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9efVgL</latexit><latexit sha1_base64="JWogswNGYTTYa9BaTTGiJk7X6t8=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIUc97SN6lxqO9AQ5SfsdbxNe90fmrR /MydNceoULVIj19/n49NjJ67lE5vxavXvzKPHT54+my09n3vx8tXrN/MLb0+ZF1AMJ9gjHm1aiAGxXTjhNifQ9CkgxyJwZvXrCT+7Bspszz3moQ8tB3Vdu2NjxEXX0RL+eDVfrlaq6aUXG0bWKGvZtX+1MPvHbHs4cMDlmCDGLo2qz1sRotzGBOI5M2DgI9xHXbgUTRc5wFpRmmusL4qett7xqPi4XE978yMi5DAWOpYwHcR7TGVJ5zR2GfDOl1Zku37AwcWjiTo B0bmnJz9cb9sUMCehaCBMbZGrjnuIIsxFeeYW1xqN7ePtvd2jiQktivrA48k+yyPtya4kG+55hE12M1GdHgh3znThBnuOg9x2ZLpuLG6eGzgW0HiS2SAYOH4vsitQic0hE8FAkYAjEke6yWEoljwCriPyoNsdB4RK9yHJgkGc3Lu2G8EgSPdGrAZKHRDNhwzrBu6j3NhtSNKL/xc1HTMRNf12P17xh8NhfGm0IjFPRzfT3RNRUWK9bKhqGIYF1SIBTHNvb28LbpcC uGOZQl7fFzkna251on011IFkByrbkWxHZb5kvsoGkg2K2fQl7asjq5JVVWaMmeVEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxhRKI1Fa7n4LoK6zlYV2EjBxsq3MjBDRVu5uCmCrdycKuwG3GOFvbjYQ4eqnA3B3eLO3Ivh/cK1c1PW6yvJagnjqzkRJsotVrO6WK9IN7w9NE201eKTdoQiWdaL1g9afUQn+o4Vmck ZZtjmuNdj5T7zKZJFhtJyUmSHHYemaoxlnlMHFg+z+48JDJqA8QRTOGbSGjPB4q4eHGZtiNKk7w9o20nNj89pFEYa4eQaOKfgKGe+8XGaa1iVCvGQa282sj+E5S099oHbUkztM/aqvZV29dONKx1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9efVgL</latexit><latexit sha1_base64="JWogswNGYTTYa9BaTTGiJk7X6t8=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIUc97SN6lxqO9AQ5SfsdbxNe90fmrR /MydNceoULVIj19/n49NjJ67lE5vxavXvzKPHT54+my09n3vx8tXrN/MLb0+ZF1AMJ9gjHm1aiAGxXTjhNifQ9CkgxyJwZvXrCT+7Bspszz3moQ8tB3Vdu2NjxEXX0RL+eDVfrlaq6aUXG0bWKGvZtX+1MPvHbHs4cMDlmCDGLo2qz1sRotzGBOI5M2DgI9xHXbgUTRc5wFpRmmusL4qett7xqPi4XE978yMi5DAWOpYwHcR7TGVJ5zR2GfDOl1Zku37AwcWjiTo B0bmnJz9cb9sUMCehaCBMbZGrjnuIIsxFeeYW1xqN7ePtvd2jiQktivrA48k+yyPtya4kG+55hE12M1GdHgh3znThBnuOg9x2ZLpuLG6eGzgW0HiS2SAYOH4vsitQic0hE8FAkYAjEke6yWEoljwCriPyoNsdB4RK9yHJgkGc3Lu2G8EgSPdGrAZKHRDNhwzrBu6j3NhtSNKL/xc1HTMRNf12P17xh8NhfGm0IjFPRzfT3RNRUWK9bKhqGIYF1SIBTHNvb28LbpcC uGOZQl7fFzkna251on011IFkByrbkWxHZb5kvsoGkg2K2fQl7asjq5JVVWaMmeVEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxhRKI1Fa7n4LoK6zlYV2EjBxsq3MjBDRVu5uCmCrdycKuwG3GOFvbjYQ4eqnA3B3eLO3Ivh/cK1c1PW6yvJagnjqzkRJsotVrO6WK9IN7w9NE201eKTdoQiWdaL1g9afUQn+o4Vmck ZZtjmuNdj5T7zKZJFhtJyUmSHHYemaoxlnlMHFg+z+48JDJqA8QRTOGbSGjPB4q4eHGZtiNKk7w9o20nNj89pFEYa4eQaOKfgKGe+8XGaa1iVCvGQa282sj+E5S099oHbUkztM/aqvZV29dONKx1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9efVgL</latexit><latexit sha1_base64="JWogswNGYTTYa9BaTTGiJk7X6t8=">AAAI73ichZZbT9swFIDDbnTsBtvjXqJVSEyaqqYgbY9ACwyhcb8USIUc97SN6lxqO9AQ5SfsdbxNe90fmrR /MydNceoULVIj19/n49NjJ67lE5vxavXvzKPHT54+my09n3vx8tXrN/MLb0+ZF1AMJ9gjHm1aiAGxXTjhNifQ9CkgxyJwZvXrCT+7Bspszz3moQ8tB3Vdu2NjxEXX0RL+eDVfrlaq6aUXG0bWKGvZtX+1MPvHbHs4cMDlmCDGLo2qz1sRotzGBOI5M2DgI9xHXbgUTRc5wFpRmmusL4qett7xqPi4XE978yMi5DAWOpYwHcR7TGVJ5zR2GfDOl1Zku37AwcWjiTo B0bmnJz9cb9sUMCehaCBMbZGrjnuIIsxFeeYW1xqN7ePtvd2jiQktivrA48k+yyPtya4kG+55hE12M1GdHgh3znThBnuOg9x2ZLpuLG6eGzgW0HiS2SAYOH4vsitQic0hE8FAkYAjEke6yWEoljwCriPyoNsdB4RK9yHJgkGc3Lu2G8EgSPdGrAZKHRDNhwzrBu6j3NhtSNKL/xc1HTMRNf12P17xh8NhfGm0IjFPRzfT3RNRUWK9bKhqGIYF1SIBTHNvb28LbpcC uGOZQl7fFzkna251on011IFkByrbkWxHZb5kvsoGkg2K2fQl7asjq5JVVWaMmeVEhYrU5MCaypYlW1bZimQrKnMlK2yEoWTDwkpKFhZWTrJblTUla6rsXLJzlV1IdqGytYxhRKI1Fa7n4LoK6zlYV2EjBxsq3MjBDRVu5uCmCrdycKuwG3GOFvbjYQ4eqnA3B3eLO3Ivh/cK1c1PW6yvJagnjqzkRJsotVrO6WK9IN7w9NE201eKTdoQiWdaL1g9afUQn+o4Vmck ZZtjmuNdj5T7zKZJFhtJyUmSHHYemaoxlnlMHFg+z+48JDJqA8QRTOGbSGjPB4q4eHGZtiNKk7w9o20nNj89pFEYa4eQaOKfgKGe+8XGaa1iVCvGQa282sj+E5S099oHbUkztM/aqvZV29dONKx1te/aD+2uNCjdlX6Wfo3URzPZmHfaxFX6/Q9efVgL</latexit>
(d)
<latexit sha1_base64="FcD5FRXHLjZfNoQ6I3M9ia8lWUY=">AAAI73ichZZbb9ow FIDT3crYrd0e9xINVeqkCRFaaXtsC21XVSv0TtugykkOEOFcsJ1yifIT9rq+TXvdH5q0fzMnQB0c0CIRGX+fjw/HTozhY5uyUunv0qPHT54+W849z794+er1m5XVtxfUC4gJ56a HPdIwEAVsu3DObIah4RNAjoHh0uhWYn55B4TannvGhj40HdR27ZZtIsa7Ttetj7crhVKxlFxqtqFNGgVlctVvV5f/6JZnBg64zMSI0hut5LNmiAizTQxRXg8o+Mjsojbc8KaLHK DNMMk1Utd4j6W2PMI/LlOT3vSIEDmUDh2Dmw5iHSqzuHMeuwlY60sztF0/YOCa44laAVaZp8Y/XLVsAibDQ95AJrF5rqrZQQSZjJcnv7ZdrR6cHdSOTmcmNAjqAotm+wwPW7Ndc TbM8zCd7aa8Oh3gbl53oW96joNcK9RdN+I3zw0cA0g0y2zgDBy/E9pFKEb6gPJgIEnAEI5CVWcw4EseAlMRXui2pwGh2F4kGdCL4nvbdkPoBcneiORAiQO8ucgw+vAQpW9bEKcX /S9qMmYmavLtYbzkDwaD6EZrhnyelqonuyckvMRqQZPV4XCYUQ0cwDx3NBpl3DYBcKcygbRe5znHa260wroc6liwY5kdCnYoM18wX2Y9wXrZbLqCduWRJcFKMtOmzHDCTEXKYmBZ ZhuCbchsU7BNmbmCZTbCQLBBZiUFG2ZWTrCRzBqCNWR2JdiVzK4Fu5bZ9oSZCIfbMtxJwR0ZVlKwIsNqClZluJuCuzLcS8E9Ge6n4H5mN5opmtmPJyl4IsOjFDzK7shaCtcy1U1 Pm62vwanHj6z4RJsptVzO+WIlI/ZZ8mjrySvFxhaE/JlWM1ZHWB3E5jqO0RpLk80xz/HuxspDZvMkg46l+CSJDzsPz9UonXiUH1g+m9zZEIuoVeBHMIFvPKGaDwQx/uLSbYeXJn 57hgdOpH9apBGYaicQa/yfgCaf+9nGRbmolYracbmwVZ38J8gp75UPyrqiKZ+VLeWrUlfOFVNpK9+VH8p9rpe7z/3M/Rqrj5YmY94pM1fu9z9nB1gM</latexit><latexit sha1_base64="FcD5FRXHLjZfNoQ6I3M9ia8lWUY=">AAAI73ichZZbb9ow FIDT3crYrd0e9xINVeqkCRFaaXtsC21XVSv0TtugykkOEOFcsJ1yifIT9rq+TXvdH5q0fzMnQB0c0CIRGX+fjw/HTozhY5uyUunv0qPHT54+W849z794+er1m5XVtxfUC4gJ56a HPdIwEAVsu3DObIah4RNAjoHh0uhWYn55B4TannvGhj40HdR27ZZtIsa7Ttetj7crhVKxlFxqtqFNGgVlctVvV5f/6JZnBg64zMSI0hut5LNmiAizTQxRXg8o+Mjsojbc8KaLHK DNMMk1Utd4j6W2PMI/LlOT3vSIEDmUDh2Dmw5iHSqzuHMeuwlY60sztF0/YOCa44laAVaZp8Y/XLVsAibDQ95AJrF5rqrZQQSZjJcnv7ZdrR6cHdSOTmcmNAjqAotm+wwPW7Ndc TbM8zCd7aa8Oh3gbl53oW96joNcK9RdN+I3zw0cA0g0y2zgDBy/E9pFKEb6gPJgIEnAEI5CVWcw4EseAlMRXui2pwGh2F4kGdCL4nvbdkPoBcneiORAiQO8ucgw+vAQpW9bEKcX /S9qMmYmavLtYbzkDwaD6EZrhnyelqonuyckvMRqQZPV4XCYUQ0cwDx3NBpl3DYBcKcygbRe5znHa260wroc6liwY5kdCnYoM18wX2Y9wXrZbLqCduWRJcFKMtOmzHDCTEXKYmBZ ZhuCbchsU7BNmbmCZTbCQLBBZiUFG2ZWTrCRzBqCNWR2JdiVzK4Fu5bZ9oSZCIfbMtxJwR0ZVlKwIsNqClZluJuCuzLcS8E9Ge6n4H5mN5opmtmPJyl4IsOjFDzK7shaCtcy1U1 Pm62vwanHj6z4RJsptVzO+WIlI/ZZ8mjrySvFxhaE/JlWM1ZHWB3E5jqO0RpLk80xz/HuxspDZvMkg46l+CSJDzsPz9UonXiUH1g+m9zZEIuoVeBHMIFvPKGaDwQx/uLSbYeXJn 57hgdOpH9apBGYaicQa/yfgCaf+9nGRbmolYracbmwVZ38J8gp75UPyrqiKZ+VLeWrUlfOFVNpK9+VH8p9rpe7z/3M/Rqrj5YmY94pM1fu9z9nB1gM</latexit><latexit sha1_base64="FcD5FRXHLjZfNoQ6I3M9ia8lWUY=">AAAI73ichZZbb9ow FIDT3crYrd0e9xINVeqkCRFaaXtsC21XVSv0TtugykkOEOFcsJ1yifIT9rq+TXvdH5q0fzMnQB0c0CIRGX+fjw/HTozhY5uyUunv0qPHT54+W849z794+er1m5XVtxfUC4gJ56a HPdIwEAVsu3DObIah4RNAjoHh0uhWYn55B4TannvGhj40HdR27ZZtIsa7Ttetj7crhVKxlFxqtqFNGgVlctVvV5f/6JZnBg64zMSI0hut5LNmiAizTQxRXg8o+Mjsojbc8KaLHK DNMMk1Utd4j6W2PMI/LlOT3vSIEDmUDh2Dmw5iHSqzuHMeuwlY60sztF0/YOCa44laAVaZp8Y/XLVsAibDQ95AJrF5rqrZQQSZjJcnv7ZdrR6cHdSOTmcmNAjqAotm+wwPW7Ndc TbM8zCd7aa8Oh3gbl53oW96joNcK9RdN+I3zw0cA0g0y2zgDBy/E9pFKEb6gPJgIEnAEI5CVWcw4EseAlMRXui2pwGh2F4kGdCL4nvbdkPoBcneiORAiQO8ucgw+vAQpW9bEKcX /S9qMmYmavLtYbzkDwaD6EZrhnyelqonuyckvMRqQZPV4XCYUQ0cwDx3NBpl3DYBcKcygbRe5znHa260wroc6liwY5kdCnYoM18wX2Y9wXrZbLqCduWRJcFKMtOmzHDCTEXKYmBZ ZhuCbchsU7BNmbmCZTbCQLBBZiUFG2ZWTrCRzBqCNWR2JdiVzK4Fu5bZ9oSZCIfbMtxJwR0ZVlKwIsNqClZluJuCuzLcS8E9Ge6n4H5mN5opmtmPJyl4IsOjFDzK7shaCtcy1U1 Pm62vwanHj6z4RJsptVzO+WIlI/ZZ8mjrySvFxhaE/JlWM1ZHWB3E5jqO0RpLk80xz/HuxspDZvMkg46l+CSJDzsPz9UonXiUH1g+m9zZEIuoVeBHMIFvPKGaDwQx/uLSbYeXJn 57hgdOpH9apBGYaicQa/yfgCaf+9nGRbmolYracbmwVZ38J8gp75UPyrqiKZ+VLeWrUlfOFVNpK9+VH8p9rpe7z/3M/Rqrj5YmY94pM1fu9z9nB1gM</latexit><latexit sha1_base64="FcD5FRXHLjZfNoQ6I3M9ia8lWUY=">AAAI73ichZZbb9ow FIDT3crYrd0e9xINVeqkCRFaaXtsC21XVSv0TtugykkOEOFcsJ1yifIT9rq+TXvdH5q0fzMnQB0c0CIRGX+fjw/HTozhY5uyUunv0qPHT54+W849z794+er1m5XVtxfUC4gJ56a HPdIwEAVsu3DObIah4RNAjoHh0uhWYn55B4TannvGhj40HdR27ZZtIsa7Ttetj7crhVKxlFxqtqFNGgVlctVvV5f/6JZnBg64zMSI0hut5LNmiAizTQxRXg8o+Mjsojbc8KaLHK DNMMk1Utd4j6W2PMI/LlOT3vSIEDmUDh2Dmw5iHSqzuHMeuwlY60sztF0/YOCa44laAVaZp8Y/XLVsAibDQ95AJrF5rqrZQQSZjJcnv7ZdrR6cHdSOTmcmNAjqAotm+wwPW7Ndc TbM8zCd7aa8Oh3gbl53oW96joNcK9RdN+I3zw0cA0g0y2zgDBy/E9pFKEb6gPJgIEnAEI5CVWcw4EseAlMRXui2pwGh2F4kGdCL4nvbdkPoBcneiORAiQO8ucgw+vAQpW9bEKcX /S9qMmYmavLtYbzkDwaD6EZrhnyelqonuyckvMRqQZPV4XCYUQ0cwDx3NBpl3DYBcKcygbRe5znHa260wroc6liwY5kdCnYoM18wX2Y9wXrZbLqCduWRJcFKMtOmzHDCTEXKYmBZ ZhuCbchsU7BNmbmCZTbCQLBBZiUFG2ZWTrCRzBqCNWR2JdiVzK4Fu5bZ9oSZCIfbMtxJwR0ZVlKwIsNqClZluJuCuzLcS8E9Ge6n4H5mN5opmtmPJyl4IsOjFDzK7shaCtcy1U1 Pm62vwanHj6z4RJsptVzO+WIlI/ZZ8mjrySvFxhaE/JlWM1ZHWB3E5jqO0RpLk80xz/HuxspDZvMkg46l+CSJDzsPz9UonXiUH1g+m9zZEIuoVeBHMIFvPKGaDwQx/uLSbYeXJn 57hgdOpH9apBGYaicQa/yfgCaf+9nGRbmolYracbmwVZ38J8gp75UPyrqiKZ+VLeWrUlfOFVNpK9+VH8p9rpe7z/3M/Rqrj5YmY94pM1fu9z9nB1gM</latexit>
 
(b)
1 = 5.81<latexit sha1_base64="Fk+ermWbSoLTI/1ha5r2fYmUlrk=">AAAJA3ichZZbb9s2FIDVrl29dFvTDXvqC9GgQAsUguRcljwMaBq3XVAstzZt2sgLSPnYJkxdQlKNHUKP/SF9bd+Gvu5vDNi/GSXboUzZmAALNL+PRwdHR6JIyqi Qnvfvtevf3Lj57a3Gd0u3v//hxzvLd396I5KMh3AcJizhJwQLYDSGY0klg5OUA44Ig7dksFPwtx+AC5rEr+UohXaEezHt0hBLPXW2/EsgaC/CZ/6f6iF5lKPf0Lq76Z8tr3iut7re3FpDntvc2vRWt/Rgw1/f2NxAvuuVx4ozOQ7O7t76J+gkYRZBLEOGhTj1vVS2FeaShgzypSATkOJwgHtwqocxjkC0VZl/jh7omQ7qJlz/YonK2eoKhSMhRhHRZoRlX9ismJzHTjPZ3WwrGqeZhDgcX6ibMSQTVBQDdSiHULKRHuCQU50rCvuY41Dqki092G61dl/v7u+9mrkg4XgAMp+dI wnrzE4V2cgkYWJ2Wujq9EG7S0EMF2ESRTjuqCCOc31K4iwiwPNZRkEziNK+oi64eTAUOhhYEkjMcoUCCUPdBgokwmyh25sGBLe3SCJwnhfnHo0VnGdlv+R2oNIBPVxkkAu4inJBO1Ckl/9f1HLNTNTy39V6yx8Oh/mp31b6Ol0UlN2juC4xWvFtdTQa1VTCMpjnXl5e1tweB4inMoeqfqBzLu456aoDO9ShYYc2e2nYS5ulhqU2OzfsvJ7NwNCBvdIzzLOZP2UkUrWKNM3Cps1WDVu12ZphazaLDas1wtCwYe1OGjaq3TnDLm12YtiJzd4Z9s5m7w17b7PtCQsxU9s2fFqBT22 4U4E7NmxVYMuGzyrwmQ2fV+BzG76owBe1bgwrtNaPRxV4ZMO9Ctyrd+R+Be/Xqlu9bL2+RNNEb2PFLjdTaruc88Wdmnghy0c7KF8plHVA6Wca1ay+sfpYznUi0h1Lk+aY5yQfxspVZvMkIsZSsZMUm13C5mpCTDyhN6xUTs5yxEzUFugtmMMfOqH9FDiW+sUV0EiXpnh7qt0oDx4v0jhMtSMoNP0lMN3u0eLBm6bre65/uLbypDX5Jmg495z7zkPHd351nji/OwfOsRM6yvnkfHa+ND42vjT+anwdq9evTdb87Mwcjb//A8RZXuM=</latexit><latexit sha1_base64="Fk+ermWbSoLTI/1ha5r2fYmUlrk=">AAAJA3ichZZbb9s2FIDVrl29dFvTDXvqC9GgQAsUguRcljwMaBq3XVAstzZt2sgLSPnYJkxdQlKNHUKP/SF9bd+Gvu5vDNi/GSXboUzZmAALNL+PRwdHR6JIyqi Qnvfvtevf3Lj57a3Gd0u3v//hxzvLd396I5KMh3AcJizhJwQLYDSGY0klg5OUA44Ig7dksFPwtx+AC5rEr+UohXaEezHt0hBLPXW2/EsgaC/CZ/6f6iF5lKPf0Lq76Z8tr3iut7re3FpDntvc2vRWt/Rgw1/f2NxAvuuVx4ozOQ7O7t76J+gkYRZBLEOGhTj1vVS2FeaShgzypSATkOJwgHtwqocxjkC0VZl/jh7omQ7qJlz/YonK2eoKhSMhRhHRZoRlX9ismJzHTjPZ3WwrGqeZhDgcX6ibMSQTVBQDdSiHULKRHuCQU50rCvuY41Dqki092G61dl/v7u+9mrkg4XgAMp+dI wnrzE4V2cgkYWJ2Wujq9EG7S0EMF2ESRTjuqCCOc31K4iwiwPNZRkEziNK+oi64eTAUOhhYEkjMcoUCCUPdBgokwmyh25sGBLe3SCJwnhfnHo0VnGdlv+R2oNIBPVxkkAu4inJBO1Ckl/9f1HLNTNTy39V6yx8Oh/mp31b6Ol0UlN2juC4xWvFtdTQa1VTCMpjnXl5e1tweB4inMoeqfqBzLu456aoDO9ShYYc2e2nYS5ulhqU2OzfsvJ7NwNCBvdIzzLOZP2UkUrWKNM3Cps1WDVu12ZphazaLDas1wtCwYe1OGjaq3TnDLm12YtiJzd4Z9s5m7w17b7PtCQsxU9s2fFqBT22 4U4E7NmxVYMuGzyrwmQ2fV+BzG76owBe1bgwrtNaPRxV4ZMO9Ctyrd+R+Be/Xqlu9bL2+RNNEb2PFLjdTaruc88Wdmnghy0c7KF8plHVA6Wca1ay+sfpYznUi0h1Lk+aY5yQfxspVZvMkIsZSsZMUm13C5mpCTDyhN6xUTs5yxEzUFugtmMMfOqH9FDiW+sUV0EiXpnh7qt0oDx4v0jhMtSMoNP0lMN3u0eLBm6bre65/uLbypDX5Jmg495z7zkPHd351nji/OwfOsRM6yvnkfHa+ND42vjT+anwdq9evTdb87Mwcjb//A8RZXuM=</latexit><latexit sha1_base64="Fk+ermWbSoLTI/1ha5r2fYmUlrk=">AAAJA3ichZZbb9s2FIDVrl29dFvTDXvqC9GgQAsUguRcljwMaBq3XVAstzZt2sgLSPnYJkxdQlKNHUKP/SF9bd+Gvu5vDNi/GSXboUzZmAALNL+PRwdHR6JIyqi Qnvfvtevf3Lj57a3Gd0u3v//hxzvLd396I5KMh3AcJizhJwQLYDSGY0klg5OUA44Ig7dksFPwtx+AC5rEr+UohXaEezHt0hBLPXW2/EsgaC/CZ/6f6iF5lKPf0Lq76Z8tr3iut7re3FpDntvc2vRWt/Rgw1/f2NxAvuuVx4ozOQ7O7t76J+gkYRZBLEOGhTj1vVS2FeaShgzypSATkOJwgHtwqocxjkC0VZl/jh7omQ7qJlz/YonK2eoKhSMhRhHRZoRlX9ismJzHTjPZ3WwrGqeZhDgcX6ibMSQTVBQDdSiHULKRHuCQU50rCvuY41Dqki092G61dl/v7u+9mrkg4XgAMp+dI wnrzE4V2cgkYWJ2Wujq9EG7S0EMF2ESRTjuqCCOc31K4iwiwPNZRkEziNK+oi64eTAUOhhYEkjMcoUCCUPdBgokwmyh25sGBLe3SCJwnhfnHo0VnGdlv+R2oNIBPVxkkAu4inJBO1Ckl/9f1HLNTNTy39V6yx8Oh/mp31b6Ol0UlN2juC4xWvFtdTQa1VTCMpjnXl5e1tweB4inMoeqfqBzLu456aoDO9ShYYc2e2nYS5ulhqU2OzfsvJ7NwNCBvdIzzLOZP2UkUrWKNM3Cps1WDVu12ZphazaLDas1wtCwYe1OGjaq3TnDLm12YtiJzd4Z9s5m7w17b7PtCQsxU9s2fFqBT22 4U4E7NmxVYMuGzyrwmQ2fV+BzG76owBe1bgwrtNaPRxV4ZMO9Ctyrd+R+Be/Xqlu9bL2+RNNEb2PFLjdTaruc88Wdmnghy0c7KF8plHVA6Wca1ay+sfpYznUi0h1Lk+aY5yQfxspVZvMkIsZSsZMUm13C5mpCTDyhN6xUTs5yxEzUFugtmMMfOqH9FDiW+sUV0EiXpnh7qt0oDx4v0jhMtSMoNP0lMN3u0eLBm6bre65/uLbypDX5Jmg495z7zkPHd351nji/OwfOsRM6yvnkfHa+ND42vjT+anwdq9evTdb87Mwcjb//A8RZXuM=</latexit><latexit sha1_base64="Fk+ermWbSoLTI/1ha5r2fYmUlrk=">AAAJA3ichZZbb9s2FIDVrl29dFvTDXvqC9GgQAsUguRcljwMaBq3XVAstzZt2sgLSPnYJkxdQlKNHUKP/SF9bd+Gvu5vDNi/GSXboUzZmAALNL+PRwdHR6JIyqi Qnvfvtevf3Lj57a3Gd0u3v//hxzvLd396I5KMh3AcJizhJwQLYDSGY0klg5OUA44Ig7dksFPwtx+AC5rEr+UohXaEezHt0hBLPXW2/EsgaC/CZ/6f6iF5lKPf0Lq76Z8tr3iut7re3FpDntvc2vRWt/Rgw1/f2NxAvuuVx4ozOQ7O7t76J+gkYRZBLEOGhTj1vVS2FeaShgzypSATkOJwgHtwqocxjkC0VZl/jh7omQ7qJlz/YonK2eoKhSMhRhHRZoRlX9ismJzHTjPZ3WwrGqeZhDgcX6ibMSQTVBQDdSiHULKRHuCQU50rCvuY41Dqki092G61dl/v7u+9mrkg4XgAMp+dI wnrzE4V2cgkYWJ2Wujq9EG7S0EMF2ESRTjuqCCOc31K4iwiwPNZRkEziNK+oi64eTAUOhhYEkjMcoUCCUPdBgokwmyh25sGBLe3SCJwnhfnHo0VnGdlv+R2oNIBPVxkkAu4inJBO1Ckl/9f1HLNTNTy39V6yx8Oh/mp31b6Ol0UlN2juC4xWvFtdTQa1VTCMpjnXl5e1tweB4inMoeqfqBzLu456aoDO9ShYYc2e2nYS5ulhqU2OzfsvJ7NwNCBvdIzzLOZP2UkUrWKNM3Cps1WDVu12ZphazaLDas1wtCwYe1OGjaq3TnDLm12YtiJzd4Z9s5m7w17b7PtCQsxU9s2fFqBT22 4U4E7NmxVYMuGzyrwmQ2fV+BzG76owBe1bgwrtNaPRxV4ZMO9Ctyrd+R+Be/Xqlu9bL2+RNNEb2PFLjdTaruc88Wdmnghy0c7KF8plHVA6Wca1ay+sfpYznUi0h1Lk+aY5yQfxspVZvMkIsZSsZMUm13C5mpCTDyhN6xUTs5yxEzUFugtmMMfOqH9FDiW+sUV0EiXpnh7qt0oDx4v0jhMtSMoNP0lMN3u0eLBm6bre65/uLbypDX5Jmg495z7zkPHd351nji/OwfOsRM6yvnkfHa+ND42vjT+anwdq9evTdb87Mwcjb//A8RZXuM=</latexit>
 
(a)
1 = 4.1<latexit sha1_base64="8lvc1ySIK9LMPLJoOWNkWj2fIfg=">AAAJAnichZZbb9s2FIDVdmvd9JZ2fdsL0aBABwyC5LhZ8jAgF7ddUCy3NW3SyAso+dgmTF1CUo1tQm/9IXtd34a+9ncU2L8pJduhTNmoAAs0v49HB0dHovyEEi4 c5/9r12/88OPNW7XbS3fu3rv/YPnho7c8TlkAx0FMY3biYw6URHAsiKBwkjDAoU/hnd/fyfm7D8A4iaM3YphAK8TdiHRIgIWaOl9+7HHSDfG5+7d8hn/J0O+oYbvnyyuO7aw+r280kGPXN9ad1Q01WHOfr62vIdd2imPFmhwH5w9vffXacZCGEImAYs7PXCcRLYmZIAGFbMlLOSQ46OMunKlhhEPgLVmkn6GnaqaNOjFTv0igYra8QuKQ82HoKzPEosdNlk/OY2ep6Ky3JImSVEAUjC/USSkSMcprgdqEQSDoUA1wwIjKFQU9zHAgVMWWnm41m7tvdvf3/pq5oM9wH0Q2O+fHt D07lWcj4pjy2WmuqtMD5S55EVwGcRjiqC29KMrUKY7S0AeWzTICikGY9CSxwc68AVfBwJBAYJpJ5AkYqC6QIBCmC93uNCDY3UWSDxdZfu6SSMJFWrRLZgYqHFDDRYZ/CVdRLkkb8vSy70Ut1sxELf5drTf8wWCQnbktqa7TQV7RPZKpEqMV11SHw2FF9WkK89zRaFRxuwwgmsoMyvqByjm/535HHpihDjU7NNlrzV6bLNEsMdmFZhfVbPqa9s2VjmaOydwp80NZqUhdL6ybbFWzVZM1NGuYLNKs0ggDzQaVO6nZsHLnNBuZ7ESzE5OdanZqsveavTfZ1oQFmMotE26X4LYJd0p wx4TNEmya8EUJvjDhyxJ8acJXJfiq0o1BiVb68agEj0y4V4J71Y7cL+H9SnXLl63W11c0VrtYvsnNlNos53xxpyJeiuLR9opXCqFtkOqZRhWrp60eFnOd0O+MpUlzzHPiD2PlKrN5ks/HUr6T5JtdTOdqnE88rjasREzOYkh11CaoLZjBnyqh/QQYFurF5ZFQlSZ/e8rdMPN+XaQxmGpHkGvqS2C63aPFg7d123Vs97CxstmcfBPUrJ+tJ9Yzy7V+szatP6wD69gKrJH1j/Wv9an2sfap9l/t81i9fm2y5idr5qh9+Qai216f</latexit><latexit sha1_base64="8lvc1ySIK9LMPLJoOWNkWj2fIfg=">AAAJAnichZZbb9s2FIDVdmvd9JZ2fdsL0aBABwyC5LhZ8jAgF7ddUCy3NW3SyAso+dgmTF1CUo1tQm/9IXtd34a+9ncU2L8pJduhTNmoAAs0v49HB0dHovyEEi4 c5/9r12/88OPNW7XbS3fu3rv/YPnho7c8TlkAx0FMY3biYw6URHAsiKBwkjDAoU/hnd/fyfm7D8A4iaM3YphAK8TdiHRIgIWaOl9+7HHSDfG5+7d8hn/J0O+oYbvnyyuO7aw+r280kGPXN9ad1Q01WHOfr62vIdd2imPFmhwH5w9vffXacZCGEImAYs7PXCcRLYmZIAGFbMlLOSQ46OMunKlhhEPgLVmkn6GnaqaNOjFTv0igYra8QuKQ82HoKzPEosdNlk/OY2ep6Ky3JImSVEAUjC/USSkSMcprgdqEQSDoUA1wwIjKFQU9zHAgVMWWnm41m7tvdvf3/pq5oM9wH0Q2O+fHt D07lWcj4pjy2WmuqtMD5S55EVwGcRjiqC29KMrUKY7S0AeWzTICikGY9CSxwc68AVfBwJBAYJpJ5AkYqC6QIBCmC93uNCDY3UWSDxdZfu6SSMJFWrRLZgYqHFDDRYZ/CVdRLkkb8vSy70Ut1sxELf5drTf8wWCQnbktqa7TQV7RPZKpEqMV11SHw2FF9WkK89zRaFRxuwwgmsoMyvqByjm/535HHpihDjU7NNlrzV6bLNEsMdmFZhfVbPqa9s2VjmaOydwp80NZqUhdL6ybbFWzVZM1NGuYLNKs0ggDzQaVO6nZsHLnNBuZ7ESzE5OdanZqsveavTfZ1oQFmMotE26X4LYJd0p wx4TNEmya8EUJvjDhyxJ8acJXJfiq0o1BiVb68agEj0y4V4J71Y7cL+H9SnXLl63W11c0VrtYvsnNlNos53xxpyJeiuLR9opXCqFtkOqZRhWrp60eFnOd0O+MpUlzzHPiD2PlKrN5ks/HUr6T5JtdTOdqnE88rjasREzOYkh11CaoLZjBnyqh/QQYFurF5ZFQlSZ/e8rdMPN+XaQxmGpHkGvqS2C63aPFg7d123Vs97CxstmcfBPUrJ+tJ9Yzy7V+szatP6wD69gKrJH1j/Wv9an2sfap9l/t81i9fm2y5idr5qh9+Qai216f</latexit><latexit sha1_base64="8lvc1ySIK9LMPLJoOWNkWj2fIfg=">AAAJAnichZZbb9s2FIDVdmvd9JZ2fdsL0aBABwyC5LhZ8jAgF7ddUCy3NW3SyAso+dgmTF1CUo1tQm/9IXtd34a+9ncU2L8pJduhTNmoAAs0v49HB0dHovyEEi4 c5/9r12/88OPNW7XbS3fu3rv/YPnho7c8TlkAx0FMY3biYw6URHAsiKBwkjDAoU/hnd/fyfm7D8A4iaM3YphAK8TdiHRIgIWaOl9+7HHSDfG5+7d8hn/J0O+oYbvnyyuO7aw+r280kGPXN9ad1Q01WHOfr62vIdd2imPFmhwH5w9vffXacZCGEImAYs7PXCcRLYmZIAGFbMlLOSQ46OMunKlhhEPgLVmkn6GnaqaNOjFTv0igYra8QuKQ82HoKzPEosdNlk/OY2ep6Ky3JImSVEAUjC/USSkSMcprgdqEQSDoUA1wwIjKFQU9zHAgVMWWnm41m7tvdvf3/pq5oM9wH0Q2O+fHt D07lWcj4pjy2WmuqtMD5S55EVwGcRjiqC29KMrUKY7S0AeWzTICikGY9CSxwc68AVfBwJBAYJpJ5AkYqC6QIBCmC93uNCDY3UWSDxdZfu6SSMJFWrRLZgYqHFDDRYZ/CVdRLkkb8vSy70Ut1sxELf5drTf8wWCQnbktqa7TQV7RPZKpEqMV11SHw2FF9WkK89zRaFRxuwwgmsoMyvqByjm/535HHpihDjU7NNlrzV6bLNEsMdmFZhfVbPqa9s2VjmaOydwp80NZqUhdL6ybbFWzVZM1NGuYLNKs0ggDzQaVO6nZsHLnNBuZ7ESzE5OdanZqsveavTfZ1oQFmMotE26X4LYJd0p wx4TNEmya8EUJvjDhyxJ8acJXJfiq0o1BiVb68agEj0y4V4J71Y7cL+H9SnXLl63W11c0VrtYvsnNlNos53xxpyJeiuLR9opXCqFtkOqZRhWrp60eFnOd0O+MpUlzzHPiD2PlKrN5ks/HUr6T5JtdTOdqnE88rjasREzOYkh11CaoLZjBnyqh/QQYFurF5ZFQlSZ/e8rdMPN+XaQxmGpHkGvqS2C63aPFg7d123Vs97CxstmcfBPUrJ+tJ9Yzy7V+szatP6wD69gKrJH1j/Wv9an2sfap9l/t81i9fm2y5idr5qh9+Qai216f</latexit><latexit sha1_base64="8lvc1ySIK9LMPLJoOWNkWj2fIfg=">AAAJAnichZZbb9s2FIDVdmvd9JZ2fdsL0aBABwyC5LhZ8jAgF7ddUCy3NW3SyAso+dgmTF1CUo1tQm/9IXtd34a+9ncU2L8pJduhTNmoAAs0v49HB0dHovyEEi4 c5/9r12/88OPNW7XbS3fu3rv/YPnho7c8TlkAx0FMY3biYw6URHAsiKBwkjDAoU/hnd/fyfm7D8A4iaM3YphAK8TdiHRIgIWaOl9+7HHSDfG5+7d8hn/J0O+oYbvnyyuO7aw+r280kGPXN9ad1Q01WHOfr62vIdd2imPFmhwH5w9vffXacZCGEImAYs7PXCcRLYmZIAGFbMlLOSQ46OMunKlhhEPgLVmkn6GnaqaNOjFTv0igYra8QuKQ82HoKzPEosdNlk/OY2ep6Ky3JImSVEAUjC/USSkSMcprgdqEQSDoUA1wwIjKFQU9zHAgVMWWnm41m7tvdvf3/pq5oM9wH0Q2O+fHt D07lWcj4pjy2WmuqtMD5S55EVwGcRjiqC29KMrUKY7S0AeWzTICikGY9CSxwc68AVfBwJBAYJpJ5AkYqC6QIBCmC93uNCDY3UWSDxdZfu6SSMJFWrRLZgYqHFDDRYZ/CVdRLkkb8vSy70Ut1sxELf5drTf8wWCQnbktqa7TQV7RPZKpEqMV11SHw2FF9WkK89zRaFRxuwwgmsoMyvqByjm/535HHpihDjU7NNlrzV6bLNEsMdmFZhfVbPqa9s2VjmaOydwp80NZqUhdL6ybbFWzVZM1NGuYLNKs0ggDzQaVO6nZsHLnNBuZ7ESzE5OdanZqsveavTfZ1oQFmMotE26X4LYJd0p wx4TNEmya8EUJvjDhyxJ8acJXJfiq0o1BiVb68agEj0y4V4J71Y7cL+H9SnXLl63W11c0VrtYvsnNlNos53xxpyJeiuLR9opXCqFtkOqZRhWrp60eFnOd0O+MpUlzzHPiD2PlKrN5ks/HUr6T5JtdTOdqnE88rjasREzOYkh11CaoLZjBnyqh/QQYFurF5ZFQlSZ/e8rdMPN+XaQxmGpHkGvqS2C63aPFg7d123Vs97CxstmcfBPUrJ+tJ9Yzy7V+szatP6wD69gKrJH1j/Wv9an2sfap9l/t81i9fm2y5idr5qh9+Qai216f</latexit>
 th1 = 4<latexit sha1_base64="WO6a+WaJyqRUTt1heDj4Jww8s6s=">AAAJCHichZZNb9s2GIDVdlvddF 3T9dZeiAUFdhgMyXGz5FCgadyPoGi+1rRJIzeg5Nc2YVJSSKqxQwjYuT9k1/ZW9NofMWD/ZpRshzJlowIs0HwevqRfUnodJJQI6br/Xbl67Ycff7peu7F08+dbv9xevvPrGxGnPITDMKYxPwqwAEoiOJREU jhKOGAWUHgbDLZy/vYDcEHi6LUcJdBmuBeRLgmx1F2ny/d8QXoMn3rvlS9hKDlTsp9l6BFqni6vuHV39WFjo4ncemNj3V3d0I017+Ha+hry6m5xrTiTa+/0zvV//U4cpgwiGVIsxInnJrKtMJckpJAt+amA BIcD3IMT3YwwA9FWxY/I0APd00HdmOtPJFHRWx6hMBNixAJtMiz7wmZ55zx2ksrueluRKEklROF4om5KkYxRnhHUIRxCSUe6gUNO9FpR2Mcch1LnbenBZqu1/Xp7d+evmQkDjgcgs9m+IKad2a58NTKOqZj tFjo7fdDukh/BeRgzhqOO8qMo07c4SlkAPJtlBDQDlvQVqUM984dCBwNLAolpplCxk0QqkAjThW5vGhDqvUVSAGdZfu+RSMFZWhyazA5UOKCbi4zgHC6jnJMO5MvLvhe1GDMTtfh2Od7yh8NhduK1lZ6ni/ zi9CiuU4xWPFsdjUYVNaApzHMvLi4qbo8DRFOZQ1nf02vO9zzoqj071L5h+zZ7adhLmyWGJTY7M+ysupqBoQN7pGuYazNvygKmKhlpmIENm60atmqzpmFNm0WGVQ7C0LBhZScNG1V2zrALmx0ZdmSzY8OOb fbOsHc225ywEFO1acMnJfjEhlsluGXDVgm2bPi0BJ/a8FkJPrPh8xJ8XjmNYYlWzuNBCR7YcKcEd6oncreEdyvZLU9bzW+gaaxrWV7qZlJtp3O+uFURz2XxaPvFK4XQDij9TKOK1TdWH8u5Dgu6Y2lyOOY5 8YexcrmyeVIgxlJeSfJiF9O5mhATT+iClcjJXY6oidoCXYI5vNIL2k2AY6lfXD5h2bjMq22W+X8s0jhMtQPINf1PYFru0eLGm0bdc+vefnPlcWvyn6Dm3Hd+c353POdP57HzwtlzDp3Q+dv5x/nkfK59rH2 ufal9HatXr0zG3HVmrtq3/wEH+GKe</latexit><latexit sha1_base64="WO6a+WaJyqRUTt1heDj4Jww8s6s=">AAAJCHichZZNb9s2GIDVdlvddF 3T9dZeiAUFdhgMyXGz5FCgadyPoGi+1rRJIzeg5Nc2YVJSSKqxQwjYuT9k1/ZW9NofMWD/ZpRshzJlowIs0HwevqRfUnodJJQI6br/Xbl67Ycff7peu7F08+dbv9xevvPrGxGnPITDMKYxPwqwAEoiOJREU jhKOGAWUHgbDLZy/vYDcEHi6LUcJdBmuBeRLgmx1F2ny/d8QXoMn3rvlS9hKDlTsp9l6BFqni6vuHV39WFjo4ncemNj3V3d0I017+Ha+hry6m5xrTiTa+/0zvV//U4cpgwiGVIsxInnJrKtMJckpJAt+amA BIcD3IMT3YwwA9FWxY/I0APd00HdmOtPJFHRWx6hMBNixAJtMiz7wmZ55zx2ksrueluRKEklROF4om5KkYxRnhHUIRxCSUe6gUNO9FpR2Mcch1LnbenBZqu1/Xp7d+evmQkDjgcgs9m+IKad2a58NTKOqZj tFjo7fdDukh/BeRgzhqOO8qMo07c4SlkAPJtlBDQDlvQVqUM984dCBwNLAolpplCxk0QqkAjThW5vGhDqvUVSAGdZfu+RSMFZWhyazA5UOKCbi4zgHC6jnJMO5MvLvhe1GDMTtfh2Od7yh8NhduK1lZ6ni/ zi9CiuU4xWPFsdjUYVNaApzHMvLi4qbo8DRFOZQ1nf02vO9zzoqj071L5h+zZ7adhLmyWGJTY7M+ysupqBoQN7pGuYazNvygKmKhlpmIENm60atmqzpmFNm0WGVQ7C0LBhZScNG1V2zrALmx0ZdmSzY8OOb fbOsHc225ywEFO1acMnJfjEhlsluGXDVgm2bPi0BJ/a8FkJPrPh8xJ8XjmNYYlWzuNBCR7YcKcEd6oncreEdyvZLU9bzW+gaaxrWV7qZlJtp3O+uFURz2XxaPvFK4XQDij9TKOK1TdWH8u5Dgu6Y2lyOOY5 8YexcrmyeVIgxlJeSfJiF9O5mhATT+iClcjJXY6oidoCXYI5vNIL2k2AY6lfXD5h2bjMq22W+X8s0jhMtQPINf1PYFru0eLGm0bdc+vefnPlcWvyn6Dm3Hd+c353POdP57HzwtlzDp3Q+dv5x/nkfK59rH2 ufal9HatXr0zG3HVmrtq3/wEH+GKe</latexit><latexit sha1_base64="WO6a+WaJyqRUTt1heDj4Jww8s6s=">AAAJCHichZZNb9s2GIDVdlvddF 3T9dZeiAUFdhgMyXGz5FCgadyPoGi+1rRJIzeg5Nc2YVJSSKqxQwjYuT9k1/ZW9NofMWD/ZpRshzJlowIs0HwevqRfUnodJJQI6br/Xbl67Ycff7peu7F08+dbv9xevvPrGxGnPITDMKYxPwqwAEoiOJREU jhKOGAWUHgbDLZy/vYDcEHi6LUcJdBmuBeRLgmx1F2ny/d8QXoMn3rvlS9hKDlTsp9l6BFqni6vuHV39WFjo4ncemNj3V3d0I017+Ha+hry6m5xrTiTa+/0zvV//U4cpgwiGVIsxInnJrKtMJckpJAt+amA BIcD3IMT3YwwA9FWxY/I0APd00HdmOtPJFHRWx6hMBNixAJtMiz7wmZ55zx2ksrueluRKEklROF4om5KkYxRnhHUIRxCSUe6gUNO9FpR2Mcch1LnbenBZqu1/Xp7d+evmQkDjgcgs9m+IKad2a58NTKOqZj tFjo7fdDukh/BeRgzhqOO8qMo07c4SlkAPJtlBDQDlvQVqUM984dCBwNLAolpplCxk0QqkAjThW5vGhDqvUVSAGdZfu+RSMFZWhyazA5UOKCbi4zgHC6jnJMO5MvLvhe1GDMTtfh2Od7yh8NhduK1lZ6ni/ zi9CiuU4xWPFsdjUYVNaApzHMvLi4qbo8DRFOZQ1nf02vO9zzoqj071L5h+zZ7adhLmyWGJTY7M+ysupqBoQN7pGuYazNvygKmKhlpmIENm60atmqzpmFNm0WGVQ7C0LBhZScNG1V2zrALmx0ZdmSzY8OOb fbOsHc225ywEFO1acMnJfjEhlsluGXDVgm2bPi0BJ/a8FkJPrPh8xJ8XjmNYYlWzuNBCR7YcKcEd6oncreEdyvZLU9bzW+gaaxrWV7qZlJtp3O+uFURz2XxaPvFK4XQDij9TKOK1TdWH8u5Dgu6Y2lyOOY5 8YexcrmyeVIgxlJeSfJiF9O5mhATT+iClcjJXY6oidoCXYI5vNIL2k2AY6lfXD5h2bjMq22W+X8s0jhMtQPINf1PYFru0eLGm0bdc+vefnPlcWvyn6Dm3Hd+c353POdP57HzwtlzDp3Q+dv5x/nkfK59rH2 ufal9HatXr0zG3HVmrtq3/wEH+GKe</latexit><latexit sha1_base64="WO6a+WaJyqRUTt1heDj4Jww8s6s=">AAAJCHichZZNb9s2GIDVdlvddF 3T9dZeiAUFdhgMyXGz5FCgadyPoGi+1rRJIzeg5Nc2YVJSSKqxQwjYuT9k1/ZW9NofMWD/ZpRshzJlowIs0HwevqRfUnodJJQI6br/Xbl67Ycff7peu7F08+dbv9xevvPrGxGnPITDMKYxPwqwAEoiOJREU jhKOGAWUHgbDLZy/vYDcEHi6LUcJdBmuBeRLgmx1F2ny/d8QXoMn3rvlS9hKDlTsp9l6BFqni6vuHV39WFjo4ncemNj3V3d0I017+Ha+hry6m5xrTiTa+/0zvV//U4cpgwiGVIsxInnJrKtMJckpJAt+amA BIcD3IMT3YwwA9FWxY/I0APd00HdmOtPJFHRWx6hMBNixAJtMiz7wmZ55zx2ksrueluRKEklROF4om5KkYxRnhHUIRxCSUe6gUNO9FpR2Mcch1LnbenBZqu1/Xp7d+evmQkDjgcgs9m+IKad2a58NTKOqZj tFjo7fdDukh/BeRgzhqOO8qMo07c4SlkAPJtlBDQDlvQVqUM984dCBwNLAolpplCxk0QqkAjThW5vGhDqvUVSAGdZfu+RSMFZWhyazA5UOKCbi4zgHC6jnJMO5MvLvhe1GDMTtfh2Od7yh8NhduK1lZ6ni/ zi9CiuU4xWPFsdjUYVNaApzHMvLi4qbo8DRFOZQ1nf02vO9zzoqj071L5h+zZ7adhLmyWGJTY7M+ysupqBoQN7pGuYazNvygKmKhlpmIENm60atmqzpmFNm0WGVQ7C0LBhZScNG1V2zrALmx0ZdmSzY8OOb fbOsHc225ywEFO1acMnJfjEhlsluGXDVgm2bPi0BJ/a8FkJPrPh8xJ8XjmNYYlWzuNBCR7YcKcEd6oncreEdyvZLU9bzW+gaaxrWV7qZlJtp3O+uFURz2XxaPvFK4XQDij9TKOK1TdWH8u5Dgu6Y2lyOOY5 8YexcrmyeVIgxlJeSfJiF9O5mhATT+iClcjJXY6oidoCXYI5vNIL2k2AY6lfXD5h2bjMq22W+X8s0jhMtQPINf1PYFru0eLGm0bdc+vefnPlcWvyn6Dm3Hd+c353POdP57HzwtlzDp3Q+dv5x/nkfK59rH2 ufal9HatXr0zG3HVmrtq3/wEH+GKe</latexit>
Figure 5.4: Motion of s
(±)
13 in the s-plane as a function of σ
′
1 for fixed σ3 = 4.41, and unit external
masses, m1 = m2 = m3 = 1. Shown in red is s
(+)
13 and in blue s
(−)
13 . The points indicate various σ
′
1
values. Note that the physical region begins at σ′1 = 4. The inset shows the infinitesimal region
where s
(−)
13 curve crosses the real axis at the points σ
(a)
1 = 4.1 and σ
(b)
1 = 5.81. The labels (a)-(d)
indicate the regions described in the text and depicted in Fig. 5.3. Figure adapted from Ref. [4].
We can therefore classify the regions according to when the RPE branch points are both in the
upper-half plane or when they approach the real axis.
(a) σ′k ≥ σ(b)k , see region (a) in Fig. 5.4. Here s(−)kj is below the real axis, and s(+)kj is above the
real axis. The RPE cut connects these two points by crossing the real axis below the threshold
(
√
σ′k + mk)
2. Real particle exchange in this case has consequences when considering the
OPE processes embedded in the triangle diagram, which is discussed in the next section. For
k = 1 and j = 3, Fig. 5.3(a) shows the RPE and VPE contours, ΓR and ΓV , respectively.
Note that in the logarithmic representation, the RPE cut is circular, whereas in the dispersive
representation, one can define the cut in any chosen manner as long as singularities are not
crossed.
(b) σ
(a)
k ≤ σ′k ≤ σ(b)k , see region (b) in Fig. 5.4. When σ′k decreases below the inversion point
σ
(b)
k , s
(−)
kj wanders above the real axis. The RPE cut directly connects s
(−)
kj to s
(+)
kj without
crossing the real axis. This is the typical case when considering the exchange of a real particle,
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illustrated in Fig. 5.3(b). Note that when σ′k = σj for equal masses mj = mk, then the
integrand branch points merge into pole singularities.
(c) σ
(th)
k ≤ σ′k ≤ σ(a)k , see region (c) in Fig. 5.4. The RPE branch points again wrap around the
real axis, cf. Fig. 5.3(c), with the cut crossing the real axis below the threshold (
√
σj +mj)
2.
(d) σ′k ≤ σ(th)k , see region (d) in Fig. 5.4. The branch points s(±)kj move deep into the complex
plane, as shown in Fig. 5.3(d). In this region, the isobar cannot decay, and therefore it is
unphysical for the 3→ 3 elastic scattering. Real particle exchange cannot occur, leaving only
the virtual contributions.
If we evaluate the OPE along the real s-axis in regions (a) or (c), we find that the real part of
the OPE has a jump due to crossing the RPE cut. In the logarithmic representation, this crossing
occurs when zkj = 0, that is, when
s
(0)
kj =
1
2
[
m2j +m
2
k − 2µ2jk + σj + σ′k
+
(
4(m2j − σj)(m2k − σ′k)
+ (m2j +m
2
k − 2µ2jk + σj + σ′k)2
)1/2]
.
(5.23)
When choosing a different contour for ΓR in the dispersive representation, the location of this
crossing depends on where real axis crosses the chosen contour.
These cases are illustrated in Fig. 5.3 for spectators k = 1 and j = 3. We plot the OPE
amplitudes, Eq. (5.17), as a function of s for fixed σ3 and σ
′
1 in Fig. 5.5. Figure 5.5(a) shows the
OPE computed at σ′1 in region (a). At this energy, the s
(−)
kj is below the real axis, and the RPE
cut wraps around the real axis, passing below the threshold (
√
σ′1 + m1)
2. The jump in the real
part at s
(0)
13 is due to crossing the RPE cut. Figure 5.5(b), is evaluated at σ
′
1 in region (b), where
both branch points are above the real axis. Here, we illustrate that as σ′1 decreases, the width of
the imaginary part decreases and the peak increases. The narrowing imaginary region physically
represents that less phase space is available for real particle propagation in the intermediate state.
Figure 5.5(c) is computed for σ′1 in region (c), right above the two-particle threshold. There is a
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Figure 5.5: OPE amplitudes Eq. (5.17) for external masses m1 = m2 = m3 = 1 at fixed σ3 = 4.41
for the four regions depicted in Fig. 5.3: (a) σ′1 = 3.24 representing the unphysical region, (b)
4.04, where the RPE cut wraps around the real axis, (c) 4.41, where the RPE branch points are
above the real axis, and (d) 7.29 where the RPE cut wraps around the real axis. The insets show
the contribution from the VPE cut. For these values, the inflection points are σ
(a)
1 = 4.1 and
σ
(b)
1 = 5.81. The real and imaginary parts of the OPE Eq. (5.17) at σ
′
1 = 7.29 in the complex
s-plane are shown in (e) and (f), respectively. The discontinuity at s = s
(0)
13 = 13.31 occurs when
evaluating the OPE across the RPE cut. Figure adapted from Ref. [4].
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jump in the real part at s
(0)
13 from crossing the RPE cut. The final case is illustrated in Fig. 5.5(d),
where the OPE computed in the unphysical region (d). There is an imaginary part due to the VPE
cut only, as it is kinematically inaccessible for the exchange of a real particle. The jump in the
real part at s
(0)
13 comes from crossing the RPE cut. Figures 5.5(e) and 5.5(f) shows a 3-dimensional
plot of the real and imaginary part of the logarithmic representation of the OPE, Eq. (5.17). The
circular cut is clearly visible connecting the RPE branch points. The physical region is taken as
the region approaching the real axis, below the RPE cut.
To summarize, the analytic structure of the OPE is given by two branch cuts, the VPE and
RPE cuts. The VPE cut is present for −∞ < s ≤ 0, and is associated with the exchange of an
off-shell particle. For physical isobars, the RPE cut is in the physical region. We have shown
different scenarios, identified by the isobar masses, in which the RPE branch points can approach
the physical region, which impact the structure of the B-matrix kernels.
5.2.2 TRIANGLE DIAGRAMS
To understand resonance poles of 3→ 3 systems, the analytic structure of the B-matrix parame-
terization, Eq. (5.12) must be understood in the complex s-plane. This means understanding the
properties of the B-matrix kernels. Here, we investigate the triangle diagram, and leave the box
diagram for future studies. Let us work with the triangle TB ≡ T (2)11 introduced in Eq. (5.13c),
where all angular momenta are in S-wave. For convenience, let R˜ = 1, thus the amplitudes are
independent of σ′1, and given by
TB(s) =
∫ (√s−m3)2
σ
(th)
3
dσ′′3 τ3(s, σ
′′
3 )E˜S31(σ′′3 , s, σ1), (5.24)
where τ3(s, σ
′′
3 ) = ρ3(s, σ
′′
3 )D
−1
3 (σ
′′
3 ) , and the dependence of TB on σ1 has been understood.
To ensure the correct analytic properties of the isobar amplitude, we introduce its dispersive
representation
f3(σ
′′
3 ) =
1
pi
∫ ∞
σ
(th)
3
dσ̂
Im f3(σ̂)
σ̂ − σ′′3 − i
, (5.25)
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giving the form for TB
TB(s) = 1
pi
∫ ∞
σ
(th)
3
dσ̂ Im f3(σ̂)
∫ (√s−m3)2
σ
(th)
3
dσ′′3
ρ3(s, σ
′′
3 )E˜S31(σ′′3 , s, σ1)
σ̂ − σ′′3 − i
. (5.26)
We see the σ′′3 -integral does not depend on f3(σ̂), so for simplicity we take the narrow width limit
Im f3(σ̂) = piδ(σ̂ −M2) , where M is the mass of the isobar. The narrow width limit shifts the
unitarity cut in the triangle diagram to begin at the threshold s = (M +m3)
2. However, for a
general isobar shape, Eq. (5.26) can be used to sum over its distribution, recovering the correct
unitarity branch cut starting at sth. Therefore, the triangle diagram has the form
TB(s) =
∫ (√s−m3)2
σ
(th)
3
dσ′′3
ρ3(s, σ
′′
3 )E˜S31(σ′′3 , s, σ1)
M2 − σ′′3 − i
. (5.27)
Figure 5.6 shows the triangle diagram in consideration. The B-matrix triangle contains singularities
on the physical sheet. These are due to the s-singularities in ρ3 and E˜S13, and to endpoint singular-
ities when the integration limits hit the σ′′3 -singularities of the integrand. The upper integration
limit gives a branch cut for s < 0. Since ρ3(s, σ
′′
3 ) ∝ {[σ′′3 − (
√
s+m3)
2][σ′′3 − (
√
s−m3)2]}1/2/s,
there is a pole at s = 0. When the integration variable hits the lower limit σ′′3 = σ
(th)
3 , there are
two branch point singularities at s = (
√
σ
(th)
3 ±m3)2 = (m1 + m2 ±m3)2. In the narrow width
limit, the unitarity cut opens when the upper limit of the integral hits the pole in the isobar prop-
agator, for s = (M +m3)
2. On the real s-axis, the OPE has a discontinuity in the real part when
z31 = 0, i.e. at σ
′′
3 = σ
(th)
3 . This discontinuity from crossing the RPE cut is present in TB. Two
more singularities occur when σ′′3 hits the two inflection points σ
(a)
3 and σ
(b)
3 , which are defined in
Eqs. (5.22). The OPE pinches the real axis at σ′′3 = σ
(a)
3 , and generates a singularity in TB at the
initial state threshold s = (
√
σ1 +m1)
2. This can be understood by realizing that the OPE branch
points, Eq. (5.20), can alternatively be written in terms of σ′′3 as a function of s for fixed σ1. The
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µ31 = m2
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Figure 5.6: The triangle diagram TB contribution to the kernel K11. We take the isobar to have a
narrow width with mass M . For numerical evaluations, m1 = m3 = µ31 = 1. Figure adapted from
Ref. [4].
branch points are then σ
′′(±)
3 , where
σ
′′(±)
3 =
1
2σ1
[
σ1(s+m
2
1 +m
2
3 + µ
2
13)
+ (m21 − s)(m23 − µ213)− σ21
± λ1/2(s, σ1,m21)λ1/2(σ1, µ213,m23)
]
,
(5.28)
and σ
′′(−)
3 lies infinitesimally below the real axis in the physical region. Figure 5.7 shows the motion
of σ
′′(±)
3 in the complex σ
′′
3 -plane as a function of s for fixed σ1. At the three particle threshold,
s = (m1 +m2 +m3)
2, the branch points have finite imaginary part and are on opposite sides in the
σ′′3 -plane. As s approaches the initial state threshold s = (
√
σ1 + m1)
2, the σ
′′(±)
3 branch points
pinch the real axis at σ′′3 = σ
(a)
3 . Since the TB integration is on the real axis starting from σ(th)3 ,
the integration path is pinched, causing a singularity in TB at s = (√σ1 + m1). At σ′′3 = σ(b)3 ,
the branch point migrates back below the real axis at a value greater than the threshold σ
(th)
3
close to the real axis. When M2 > σ
(b)
3 , this effect generates the triangle singularity [86, 94, 95].
The triangle singularity has been studied as a possible mechanism to explain anomalous structures
observed in heavy flavor experiments [30, 96–98]. The peak of the triangle singularity coincides
with the s
(−)
31 branch point, i.e. str = s
(−)
31 .
Aside for the unitarity branch cut starting at s = (M + m3)
2 and the triangle singularity,
these additional singularities in the physical s-plane are not allowed by analyticity. The extra
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Figure 5.7: Motion of the σ
′′(±)
3 in the σ
′′
3 -plane as a function of s for fixed σ1. Shown in red
is σ
′′(+)
3 and in blue σ
′′(−)
3 . The points indicate various s values starting from the three particle
threshold, s = (m1 + m2 + m3)
2 = 9. The inset shows that the branch points pinch the real σ′1
axis at s = (
√
σ1 +m1)
2 = 16, which is responsible for a pinch singularity in TB. Figure adapted
from Ref. [4].
singularities are moved to the second sheet when we consider the integration over the isobar shape,
cf. Eq. (5.26), leaving only the unitarity cut starting at s = (m1 + m2 + m3)
2 and the triangle
singularity.
We compare the structure of Eq. (5.27) with that of a Feynman diagram triangle in a QFT
(see Appendix E for a review of the Feynman triangle), which can be written as
TF (s) =
∫
ΓT
ds′
ρ3(s
′,M2)E˜S13(M2, s′, σ1)
s′ − s− i , (5.29)
where ΓT is the path from the threshold (M+m3)
2 to∞, and the S-wave amplitudes are normalized
according to Eq. (4.15). Figure 5.8 shows the real and imaginary parts, respectively, of the two
triangle diagrams TF and TB, below the region of the triangle singularity. Notice that the Feynman
triangle has only a normal threshold singularity at s = (M +m3)
2, and is smooth everywhere else.
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Figure 5.8: Real (left) and imaginary (right) parts of the Feynman triangle diagram, Eq. (5.29)
(gray), the B-matrix triangle, Eq. (5.27) (blue), and the Mai et al. triangle, Eq. (5.30) (red). The
external masses are set to unity, and the external isobar masses are σ′1 = 9 and M
2 = 25. The
dashed vertical lines indicate the locations of singularities in the B-matrix as described in the text:
(from left to right) the s = 0 singularity (where the explicit 1/s pole in ρ3(s, σ
′′
3 ) makes TB and
TM diverge), s = (
√
σ
(th)
3 −m3)2 = 1 (TB is singular and TM is regular), s = (
√
σ
(th)
3 +m3)
2 = 9,
the crossing of the RPE cut at s = s
(0)
31 = 14.64, the initial state threshold s = (
√
σ1 +m1) = 16,
and the normal threshold singularity at s = (M + m3)
2 = 36. The red dashed line indicates the
pinch singularity at s = (
√
σ1 −m1)2 = 4 that occurs only in TM . Figure adapted from Ref. [4].
The imaginary parts of both triangles are identical above threshold, as required by unitarity. The
B-matrix triangle has noticeable kinks in both the real and imaginary parts below threshold,
corresponding to the singularities discussed above. The black dashed lines indicate the location of
the singularities. Starting from low energy, the first additional singularity is the s = 0 singularity
from the phase space. The next two singularities occur at s = (
√
σ
(th)
3 −m3)2 and (
√
σ
(th)
3 +m3)
2,
which are from the phase space evaluated at the lower integration limit. The real part contains
a singularity from evaluating the OPE across the RPE cut. Note that the imaginary part does
not contain this jump, consistent with the OPE description in the previous section. The next
singularity occurs at the initial state threshold s = (
√
σ1 + m1)
2, which is due to the pinching
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Figure 5.9: The B-matrix triangle Eq. (5.27) in with the triangle singularity. Shown in black are
the real (solid) and imaginary (dashed) parts evaluated at σ1 = 4.41 and M
2 = 4.41. Shown in
red are the real (solid) and imaginary (dashed) parts of the OPE piece of the triangle, Eq. (5.17),
where σ′′3 = M
2. The blue dashed lines indicate the threshold (M +m3)
2 = 13.7641 and the lower
RPE branch point at s
(−)
31 = str = 13.8619. The normal threshold accounts for the first peak in
the triangle diagram, while the second peak is caused by the triangle singularity. Note we scaled
the triangle diagram to account for the phase space normalization of the triangle. Figure adapted
from Ref. [4].
of the σ′′3 contours by the OPE branch points. Finally the normal threshold at s = (M + m3)
2.
Figure 5.9 shows TB and the OPE in the region where the triangle singularity develops. The line
shape shows the production threshold at (M + m3)
2, and the peak at s = str. The OPE branch
point s
(−)
31 clearly coincides with the triangle peak.
Figure 5.10 shows the TB and TF as a function of s at fixed σ1 and varying M2 in the region
below and above M2 = σ
(b)
3 . Figure 5.10(a) shows the real parts, and Fig. 5.10(b) shows the
imaginary parts. At M2 = σ
(b)
3 , the triangle singularity develops, corresponding to when s =
s
(−)
31 = str . One can see a second threshold in the line shape above threshold (M + m3)
2.
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Figure 5.10: The Feynman triangle Eq. (5.29) and the B-matrix triangle Eq. (5.27) in the vicinity
of the triangle singularity for fixed σ1 = 4.41 and varying M
2 in the range 5.33 ≤ M2 ≤ 7.34.
TB is shown with solid lines, TF is shown with dashed lines. Real parts are shown in (a) and
imaginary parts in (b). The imaginary parts for TF and TB coincide in this region. For σ1 = 4.41,
the triangle singularity region begins at M2 = σ
(b)
3 = 5.81, which manifest as a second threshold
in the line shape beginning at s = s
(−)
31 = str = 11.63. The corresponding orientation of the OPE
branch points are illustrated in (c). Figure adapted from Ref. [4].
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Figure 5.10(c) shows the RPE cut of the OPE in the s-plane at the corresponding values for
the triangle amplitude.
We also compare the B-matrix triangle with the analogous one from Maiet al. [84], that we
denote as TM ,
TM (s) =
∫ (√s−m3)2
−∞
dσ′′3
ρ3(s, σ
′′
3 )E˜S31(σ′′3 , s, σ1)
M2 − σ′′3 − i
, (5.30)
where we take their contact term equal to unity, and the lower integration limit in their model
accounts for the physics in the unphysical region. As σ′′3 → −∞, the OPE amplitude goes like
1/σ′′3 , while the phase space grows as σ
′′
3 , thus the integrand goes like 1/σ
′′
3 and the function is
logarithmically divergent. Numerically, we choose to cut off the integral at some large value, e.g.
−200 to investigate the behavior. For TM , all lower limit endpoint singularities in s from the phase
space and OPE are moved toward −∞. The s = 0 pole from the phase space persist, and the
normal threshold singularity at s = (M+m3)
2 is present since it is from the upper limit. The pinch
singularity at s = (
√
σ1 +m1)
2 is also present, as well as the pinch singularity at s = (
√
σ1−m1)2,
cf. Fig. 5.7. The second pinch singularity occurs when the integration over σ′′3 hits σ
′′
3 = σ
(c)
3 ,
where
σ
(c)
3 = m
2
1 + µ
2
31 −
m1(σ1 + µ
2
31 −m23)√
σ1
, (5.31)
is a third inflection point in the unphysical region, occurring at s is at the threshold s = (
√
σ1−m1)2
(when Im s
(−)
kj = 0). This pinch singularity is absent in the B-matrix triangle, as the integral is
only over the physical region. Figure 5.8 compares the line shapes of all three triangles, TB, TF ,
and TM . Although TM has a logarithmic divergence, we fix the lower integration limit to −200. We
see how the line shape below threshold smooths out except at the remaining singularities, shown
with the black dashed lines. The red dashed line indicates the second pinch singularity in TM .
The Feynman triangle can be recovered from TM with the method discussed by Aitchison and
Pasquier [81], where the isobar approximation for 1→ 3 decays was studied. Using their inversion
technique, it was found that the Feynman triangle can be written as a dispersive integral over the
isobar invariant mass as in Ref. [84], plus additional terms. The latter are real in the physical
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region, but cure the below threshold singularities shown in the B-matrix. The additional terms
also cancel the logarithmic divergence, leaving a finite amplitude. The addition of terms which
cancel the unphysical singularities can be traced to what is chosen for R. The R-matrix has
the freedom to absorb these differences as they modify the structure below threshold, leaving the
physical region unchanged.
5.2.3 REMOVAL OF UNPHYSICAL SINGULARITIES
As shown, the B-matrix parameterization contains additional singularities which do not match
the expected analytic behavior of the amplitudes. This happens in both our formulation and
Maiet al. [84]. The formalism only considers unitarity, which constrains the singularities in the
physical region. Imposing additional constraints from analyticity would in principle remove these
extraneous singularities, as in the 2 → 2 case. One possible venue for improving that is to
substitute the B-matrix kernels, Eq. (5.13), with the Feynman one. This is in the same spirit of
the Chew-Mandelstam phase space in the 2→ 2 parameterizations, which removes the unphysical
singularities of the phase space. Although the kernels will now have the proper analytic structure
(no physical sheet singularities except for the unitarity cut), the resulting amplitude will still
contain singularities from iterating the kernel. Consider the solution for A˜33 in Eq. (5.12b), where
the kernel is replaced by the Feynman one, K33 → KF33, where
KF33(s) =
∫ ∞
th
ds′
B˜31(s′)ρ3(s′)B˜13(s′)
s′ − s− i . (5.32)
Now expand the solution Eq. (5.12b) in an infinite series,
A˜33 = KF33(s) +KF33(s)τ3(s)KF33(s) + · · · . (5.33)
The first term is the kernel, composed of Feynman diagrams which have the correct analytic
properties. Let the kernel consist only of the triangle diagram, then the second term is two Feynman
triangles joined with a τ -function. The equivalent Feynman diagram would have two exchanges
integrated over the four-momenta, which is not equivalent to what is shown in Eq. (5.33) due to the
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τ -function. This diagram, as well as the higher-order ones, contain non-analyticities in a similar
manner to what was shown for the triangle diagram. The unintegrated singularities from the phase
space are always present. Therefore the simple kernel substitution does not produce the correct
analytic behavior in the B-matrix solution. However, it can still be advantageous, as it corrects
some of the unphysical singularities in the present B-matrix solution.
The remaining singularities should disappear if one was to solve the proper Bethe-Salpeter
equations of the underlying QFT. The B-matrix parameterization is indeed reminiscent of that
for 2 → 2 scattering. We examine some differences between these formalisms. The B-matrix
parameterization is a covariant integral equation for the on-shell isobar-spectator amplitudes. It
satisfies unitarity relations and does not have additional imposed constraints from analyticity.
Thus, for complex energies on the physical Riemann sheet, the B-matrix parameterization contains
the unitarity cut, and has additional s-singularities from the τ and OPE.
The Bethe-Salpeter equation is a covariant integral equations that incorporate an infinite num-
ber of exchanges for any given QFT [74]. Solving it amounts to summation of exchange diagrams,
similarly to the B-matrix. The resulting amplitudes are analytic functions in the complex s-plane,
as the QFT amplitudes inherently obey analyticity constraints. The physical sheet thus has only
the allowed singularities, such as the unitarity cut and possible bound state poles. Lippmann-
Scwhinger equations are nonrelativistic equations for the scattering amplitude in a given potential
model. The B-matrix has similarities to the Lippmann-Schwinger equations in that both involve in
a three-dimensional integral over the momenta [84]. In this work however, we focus on the physical
region, and truncate the isobar mass integration appropriately. Conversely, the Bethe-Salpeter
equation contains integrations over four-momenta, which results in integrating over the off-shell
behavior of the amplitude. Introducing dispersive integrations in the B-matrix amounts to the
same procedure, and would remove the unphysical singularities.
84
Chapter 6
EQUIVALENCE OF THREE-BODY FORMALISMS
In finite volume studies for lattice QCD, substantial progress has been made to understand the
connection between discrete energy levels and properties of hadron scattering amplitudes [40–50].
In the case of 2 → 2 scattering the two-particle finite volume spectrum constrains the values
of the infinite volume partial wave amplitudes via the Lu¨scher quantization condition [9]. The
multi-variable nature of 3 → 3 scattering amplitudes makes the derivation of the finite volume
quantization condition much more complicated and different groups have approached the problem
from a different angle. For example, in Refs. [40–44] the authors introduce amplitudes labeled by
subchannel spins and the spectator 3-momenta. Furthermore, ladder diagrams generated by OPE
are considered independently from other interactions. This implies that partial wave projection to
total spin, which is necessary if one is interested in extracting properties of three-body resonances,
would be performed after resummation of the OPE ladder. On the other hand, in Refs. [45, 46],
the quantization conditions are derived starting from a set of amplitudes projected onto the total
and subchannel spins from the start, i.e. before OPE resummation, in a spirit close to our work.
In Refs. [47–49] the quantization conditions are derived in a nonrelativistic EFT framework, and
the direct comparison with our S-matrix approach is more complicated. It is more interesting to
discuss the differences with Refs. [40–43]. Since we do not aim to address the subtleties of the finite
volume here, we compare with the infinite volume equations derived in there on the basis of the
finite volume formalism. For simplicity we ignore coupling to the 2-body channel. In Refs. [40–43],
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the 3→ 3 connected amplitude is denoted by M33(~k,~k′) (see Eq. (112) in Ref. [43]). It contains
the resummed OPE ladder and the amputated amplitude T33(~k,~k′) that is generated by the kernel
Kdf,33(~k,~k′), which is analogous to our driving term R˜J`′ks′k;`jsj (σ
′
k, s, σj). Both the OPE ladder
and the amplitude T33(~k,~k′) are solutions of linear integral equations (see Eqs. (87) and (106) in
Ref. [43]), which are analogous to our Eq. (5.2).
6.1 CONNECTING THE R-MATRIX TO Kdf
To further illustrate the connection between our amplitudes and those of Ref. [40,43], and consider
the case of three identical particles in S-waves. The phase space ρ2 (Eq. (4.6)) of the two particle
subsystem gains a factor 1/2! to account for their identical nature. Furthermore, we shall consider
the infinite sum over all partial wave amplitudes.
The resulting unitarity relations have a similar form as in Eq. (4.19). In matrix notation, one
finds
Im A˜ = Im E˜ + Im E˜ρ3fA˜+ A˜∗f∗ρ3 Im E˜
+ A˜∗ρ3 Im fA˜+ A˜∗f∗ρ3 Im E˜ρ3fA˜,
(6.1)
where the matrices are in the σ′, σ space with f and ρ3 diagonal matrices. The S-wave projection
of the OPE is given by the symmetric matrix E˜ , and is found by the inverse relation of Eq. (4.15) on
the OPE amplitude in Eq. (5.6). It is straightforward to show that the B-matrix parameterization
(cf. Eq. (5.2)), A˜ = B˜ + B˜ρ3fA˜, i.e.
A˜ = [1− (E˜ + R˜)ρ3f ]−1(E˜ + R˜) (6.2)
satisfies the unitarity relation, Eq. (6.1). Moreover, after simple manipulations, Eq. (6.2) can be
rewritten as
A = fA˜f = D + L[1− R˜ρ3L]−1R˜L> (6.3)
where the D amplitude is the ladder sum of OPE, given by
D = f E˜f + f E˜ρ3D (6.4)
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and L ≡ f +Dρ3. Finally we introduce the amplitude T satisfying
T = R˜+ R˜ρ3LT , (6.5)
and obtain an expression closely resembling that in Refs. [40, 43],
A = D + LT L>. (6.6)
The difference between Eq. (6.6) and the corresponding expression for M(u,u)33 in Refs. [40, 43] is
in the definition of L. In our notation, the L of Refs. [40, 43] contains an additional 1/3 constant,
and the f and D matrices contain an extra factor of ρ2.
The extra ρ2 factor originates from a definition of amputation. We have defined our amputated
amplitudes at the level of partial waves, so that A = f A˜ f , whereas the equations of Refs. [40,43]
define there amputation for the full amplitudes. This can be seen when separating the four-point
Green function from the six-point green function, and placing the intermediate states on their mass
shell, ∫
d3k′k
(2pi)3 2ω′k
∫
d3kj
(2pi)3 2ωj
(2pi)δ(E′k − 2ω′k)Fk(kˆ′)Akj (2pi)δ(Ej − 2ωj)Fj(kˆ)
−→ fk ρ2Akj ρ2 fj . (6.7)
Keeping track of these ρ2 factors yields the same structure as that in Refs. [40, 43]. Finally, the
1/3 factor is due to how the equations in Refs. [40, 43] consider a symmeterized Kdf, whereas we
work in a completely unsymmeterized basis. One can show that the relationship between R˜ and
Kdf is
R˜ = U
[
1−K ( iρ2 − U> ) (1
3
+ L ρ2
)]−1
KU>, (6.8)
where U = iρ2 + 13f−1 − 13 Im E˜ . It is straightforward to show that this equation is real, which
is required by unitarity. Eq. (6.8) represents a resummation of diagrams, in which the symmetric
treatment of final state interactions are disentangled from the rest of the amplitudes. The choice
of using R˜ versus Kdf is still not understood, and may impact numerical results, which is currently
under study.
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Although these analogies should be verified with care, two main differences appear. One is in
the treatment of the OPE dynamics, which in Ref. [43] is resummed before projection onto the total
spin and in our case the projection is done first. It is likely that these approaches will ultimately
prove to be equivalent, since in practical applications only a finite number of partial waves in total
spin or spectator momentum components can be kept. One can also consider our formalism in the
finite volume by relating integrals over the isobar invariant mass to discrete sums. This approach
would lead to a quantization condition, similarly to what was shown by Ref. [45]. It remains to be
seen if a quantization condition derived in this manner is identical to that of Ref. [40]. This is an
active area of research, however, outside the scope of this work, and we leave it for future studies.
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Chapter 7
CONCLUSION
We have shown that amplitudes constrained by S-matrix principles can describe the peripheral
production process pip → ηpip in the 2++ sector. Resonance parameters were extracted and two
resonances were found, corresponding to the a2 and the first excited state, the a
′
2. This analysis
serves as a template for further analyses, such as the full analysis of the η(′)pi system (including
the exotic P -wave), the 3pi system in pi−p → pi−pi−pi+p, where the first sector under study is
2−+ [1, 93], and resonance production at GlueX [99].
The success of the two-particle resonances naturally leads us to study analytic constraints for
three particle scattering processes. We have shown in this thesis a unitary representation for the
elastic 3→ 3 scattering amplitude for spinless particles. The 3→ 3 amplitude was described in the
isobar representation. We constructed the unitarity relations for the isobar-spectator amplitudes
for general partial wave quantum numbers. For a practical use, the infinite sums are truncated,
leading to the standard isobar approximation. We parameterize the isobar-spectator partial wave
amplitudes with the B-matrix formalism, which automatically satisfies the unitarity. The B-matrix
parameterization explicitly includes the one pion exchange as a long-range contribution required
by unitarity. The short-range part is not constrained by unitarity, and it can be incorporated by
a specific (model-dependent) choice of the parameterization. This gives to the framework enough
freedom to incorporate QCD resonances. The approach here differs from Maiet al. [84] in that the
2 → 2 amplitudes required as input are only needed to be known in the physical energy regions.
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The singularities of the OPE directly impact the analytic structure of the B-matrix kernels, and are
discussed explicitly for the triangle-like diagram. The singularities in the unphysical region of our
solution differ from the Maiet al. ones, and from the Feynman diagram triangle. This results in a
different value for the real part of the amplitudes in the physical region. Further studies are needed
to understand how to remove unexpected singularities from the B-matrix. We also compared our
formalism to the most recent ones discussed in the literature to extract three-body scattering
amplitudes from lattice QCD. In particular, the main difference with Refs. [40–44] consists in
the order of how the partial wave expansion and the one particle exchange ladder summation is
performed.
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Appendix A
KINEMATICS FOR 3→ 3 REACTIONS
In this Appendix, we discuss some of the technical details of the kinematics for 3 → 3 processes.
We first consider the system in the CMF, P? = P′? = 0. The momenta in terms of invariants are
|p?j | =
λ1/2(s,m2j , σj)
2
√
s
, |p′?k | =
λ1/2(s,m2k, σ
′
k)
2
√
s
. (A.1)
Considering the particles j and k as spectators, then the recoiling two particles has a total mo-
mentum P?j = −p?j and P? ′k = −p′?k , for the initial and final system, respectively. The invariants
tjk and ujk are related to the CMF scattering angle between spectators via
tjk = (pj − p′k)2 (A.2a)
= m2j +m
2
k −
1
2s
(s+m2j − σj)(s+m2k − σ′k)
+
1
2s
λ1/2(s, σj ,m
2
j)λ
1/2(s, σ′k,m
2
k)z
?
jk,
ujk = ((P − pj)− p′k)2 (A.2b)
= σj +m
2
k −
1
2s
(s+ σj −m2j)(s+m2k − σ′k)
− 1
2s
λ1/2(s, σj ,m
2
j)λ
1/2(s, σ′k,m
2
k)z
?
jk,
where z?jk = cos Θ
?
jk. The cosine of the CMF angle between particles j and k is
cos θ?kj =
2s(σj +m
2
k − µ2jk)− (s+ σj −m2j)(s+m2k − σk)
λ1/2(s, σj ,m2j)λ
1/2(s, σk,m2k)
, (A.3)
where µjk is the mass of the particle that is neither j nor k.
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The remaining variables needed to completely describe the 3→ 3 process are found by exam-
ining the IRFs. The initial IRFj and final IRF
′
k are defined when Pj = 0 and P
′
k = 0, respectively.
We use the convention that initial and final state variables are evaluated in their own respective
IRF. The momentum of the first particle in the initial pair is denoted as qj in the IRFj . Similarly,
the first particle in the final pair is q′k in the IRF
′
k. For example, for the final spectator 3 in the
IRF′3, q
′
3 is the final momentum of particle 1, and in the IRF1 of spectator 1, q1 is the initial
momentum of particle 3. In terms of invariants, these momenta are
|q′3| =
λ1/2(σ′3,m
2
1,m
2
2)
2
√
σ′3
, |q1| = λ
1/2(σ1,m
2
3,m
2
2)
2
√
σ1
. (A.4)
The spectator momenta in these frames are
|p′3| =
λ1/2(s, σ′3,m
2
3)
2
√
σ′3
, (A.5)
for the final state and
|p1| = λ
1/2(s, σ1,m
2
1)
2
√
σ1
, (A.6)
for the initial state. The helicity angles of the first particle in the IRFs are given by χj and χ
′
k,
for the initial and final states, respectively. The helicity angles are defined w.r.t. the opposite
line-of-flight of the spectator. The azimuthal angles for the initial and final state are γj and γ
′
k,
respectively. The azimuthal angles are defined as the angle between the plane of the two particles
in the CMF, and the IRFs, cf. Fig. 4.3. Note that the azimuthal angles γj and γ
′
k are invariant
with respect to the Lorentz boost between the IRFs and CMF, so γj = γ
?
j and γ
′
k = γ
′?
k .
The invariant masses of the other two pairs in their respective frames are related to the helicity
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angles. For example, in the IRF′3,
σ′1 = (P − p′1)2
= s+m21 −
1
2σ′3
(s+ σ′3 −m23)(σ′3 +m21 −m22)
+
1
2σ′3
λ1/2(s, σ′3,m
2
3)λ
1/2(σ′3,m
2
1,m
2
2) cosχ
′
3,
σ′2 = (P − p′2)2
= s+m22 −
1
2σ′3
(s+ σ′3 −m23)(σ′3 +m22 −m21)
− 1
2σ′3
λ1/2(s, σ′3,m
2
3)λ
1/2(σ′3,m
2
1,m
2
2) cosχ
′
3.
(A.7)
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Appendix B
DERIVATION OF 3→ 3 UNITARITY RELATIONS
In this appendix we derive the general elastic unitarity relations for the 3 → 3 elastic scattering
of distinguishable spinless particles [79, 80, 86]. For convenience, in this section we adopt the
notation that the normalization of a single particle state is 〈p′k|pj〉 = (2pi)3 2ωjδ(3)(p′k − pj)δjk ≡
δ˜(p′k − pj)δjk, and the invariant measure is d˜pj ≡ d3pj/(2pi)3 2ωj . The S-matrix is a unitary
operator, S†S = 1, which implies that T − T † = iT †T , where S = 1+ iT . We consider the system
in an energy range above the three particle threshold, but below the first inelastic threshold,
sth ≤ s < sinel . Taking matrix elements of this operator between initial and final states |p〉 and
|p′〉, and inserting the completeness relation 1 = ∫ d˜p′′1 d˜p′′2 d˜p′′3 |p′′〉 〈p′′|, gives the unitarity relation
〈p′|T |p〉 − 〈p′|T † |p〉 = i
∫
d˜p′′1 d˜p
′′
2 d˜p
′′
3 〈p′|T † |p′′〉 〈p′′|T |p〉 . (B.1)
Since T = Td + Tc, where Td =
∑
j 1j ⊗ T (j), then the matrix element is
〈p′|T |p〉 = 〈p′|Tc |p〉+
∑
j
δ˜(p′j − pj) 〈p′|T (j) |p〉 . (B.2)
The matrix elements 〈p′|T † |p〉 are equal to 〈p′|T |p〉∗ by the property of Hermitian analyticity
[86,100]. Thus the left hand side of Eq. (B.1) gives the imaginary part of the matrix element,
LHS = 2i Im 〈p′|Tc |p〉+
∑
j
δ˜(p′j − pj)2i Im 〈p′|T (j) |p〉 . (B.3)
The right hand side of Eq. (B.1) is evaluated by substituting Eq. (B.2) and expanding the product
into four terms,
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RHS = i
∫
d˜p′′1 d˜p
′′
2 d˜p
′′
3
[
〈p′|T †c |p′′〉 〈p′′|Tc |p〉
+
∑
k
δ˜(p′′k − p′k) 〈p′|T (k) † |p′′〉 〈p′′|Tc |p〉
+
∑
j
δ˜(p′′j − pj) 〈p′|T †c |p′′〉 〈p′′|T (j) |p〉
+
∑
j,k
δ˜(p′′k − p′k)δ˜(p′′j − pj) 〈p′|T (k) † |p′′〉 〈p′′|T (j) |p〉
]
.
(B.4)
The fourth term contains two cases, one where j = k, and one where j 6= k, so we split the sum
into the two distinct terms∑
j,k
δ˜(p′′k − p′k)δ˜(p′′j − pj) 〈p′|T (k) † |p′′〉 〈p′′|T (j) |p〉
=
∑
j
δ˜(p′′j − p′j)δ˜(p′′j − pj) 〈p′|T (j) † |p′′〉 〈p′′|T (j) |p〉
+
∑
j,k
j 6=k
δ˜(p′′k − p′k)δ˜(p′′j − pj) 〈p′|T (k) † |p′′〉 〈p′′|T (j) |p〉 .
(B.5)
We can write δ˜(p′′j − p′j)δ˜(p′′j − pj) = δ˜(p′j − pj)δ˜(p′′j − pj) in the first term in Eq. (B.5), thus we
can identify the disconnected unitarity relation as being proportional to the spectator singularity
δ˜(p′j − pj),
2 Im 〈p′|T (j) |p〉 =
∫
d˜p′′j1 d˜p
′′
j2 〈p′|T (j) † |p′′〉 〈p′′|T (j) |p〉 , (B.6)
and the connected unitarity relation
2 Im 〈p′|Tc |p〉 =
∫
d˜p′′1 d˜p
′′
2 d˜p
′′
3
[
〈p′|T †c |p′′〉 〈p′′|Tc |p〉
+
∑
k
δ˜(p′′k − p′k) 〈p′|T (k) † |p′′〉 〈p′′|Tc |p〉
+
∑
j
δ˜(p′′j − pj) 〈p′|T †c |p′′〉 〈p′′|T (j) |p〉
+
∑
j,k
j 6=k
δ˜(p′′k − p′k)δ˜(p′′j − pj) 〈p′|T (k) † |p′′〉 〈p′′|T (j) |p〉
]
.
(B.7)
The momenta with j1 and j2 in Eq. (B.6) identify the first and second particle in the pair. Sub-
stituting Eqs. (4.1) and (4.2) into Eqs. (B.6) and (B.7), and evaluating the phase space integrals
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yield the unitarity relations Eqs. (4.5) and (4.7).
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Appendix C
DERIVATION OF PWIS UNITARITY RELATIONS
Using the assumption of the isobar model Eq. (4.14), we derive a set of unitarity relations for the
amputated PWIS amplitudes. Inserting Eq. (4.14) into the unitarity relations Eq. (4.7) leads to a
unitarity relation for the Akj isobar-spectator amplitude,
ImAkj(p′;p) = 1
pi(32pi2)2
∑
n
∫ (√s−mn)2
σ
(th)
n
dσ′′n
|q′′n||p′′?n |√
σ′′n
√
s
∫
dP̂′′?n
∫
dq̂′′n
×A∗nk(p′′;p′)Anj(p′′;p)Θ(s− sth)
+
1
pi(32pi2)2
∑
n,r
n6=r
∫ (√s−mn)2
σ
(th)
n
dσ′′n
|q′′n||p′′?n |√
σ′′n
√
s
∫
dP̂′′?n
∫
dq̂′′n
×A∗rk(p′′;p′)Anj(p′′;p)Θ(s− sth)
+ ρ2(σ
′
k)
∫
dq̂′′k F∗k (p′′;p′)Akj(p′′;p)|p′′k=p′kΘ(σ′k − σ
(th)
k )
+ ρ2(σj)
∫
dq̂′′j A∗kj(p′′;p′)|p′′j =pjFj(p′′;p)Θ(σj − σ
(th)
j )
+ ρ2(σ
′
k)
∑
r
k 6=r
∫
dq̂′′k F∗k (p′′;p′)Arj(p′′;p)|p′′k=p′kΘ(σ′k − σ
(th)
k )
+ ρ2(σj)
∑
n
n6=j
∫
dq̂′′j A∗kn(p′′;p′)|p′′j =pjFj(p′′;p)Θ(σj − σ
(th)
j )
+ pi δ(ujk − µ2jk)F∗k (p′′;p′)|p′′j =pjFj(p′′;p)|p′′k=p′k(1− δjk),
(C.1)
where we wrote the three-body phase space factor in the first two terms,
1
2(2pi)5
∫
d3p′′1
2ω′′1
d3p′′2
2ω′′2
d3p′′3
2ω′′3
δ(4)(P ′′ − P )
=
1
pi(32pi2)2
∫ (√s−mn)2
σ
(th)
n
dσ′′n
|q′′n||p′′ ?n |√
σ′′n
√
s
∫
dP̂′′?n
∫
dq̂′′n,
(C.2)
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+
X
n,r
n 6=r
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<latexit sha1_base64="d8MprgJynTIIu XO9CNTIoIxEYBU=">AAAI9HichZZbT9swFIDDbnTdDbbHvURDSHuYqgaQNu2JS4EhNFoYl 0JTISc9baM6TrAderHyJ/Y63qa97udM2r+ZkxacOkWL1Mj19/n49NiJ64TYY7xc/jv34O Gjx0/mC0+Lz56/ePlqYfH1KQsi6sKJG+CA1h3EAHsETrjHMdRDCsh3MJw5va2En10DZV5A jvkwhKaPOsRrey7isqtus8i/FCS+XFgql8rpZeYb1qSxZEyu2uXi/B+7FbiRD4S7GDHWs MohbwpEuediiIt2xCBEbg91oCGbBPnAmiJNODaXZU/LbAdUfgg3097sCIF8xoa+I00f8S7 TWdI5izUi3v7UFB4JIw7EHU/UjrDJAzP59WbLo+ByPJQN5FJP5mq6XUSRy2WNissblcre8 V714NvUhA5FPeDxdJ8T4NZ0V5INDwLMpruZrE4XpFu0CfTdwPcRaQmbkFjeAhL5DtB4mn kgGfhhV3glKMX2gMlgoEnAEY6FaXMYyHUXwE2E73U7twGh1LlPcuAqTu4djwi4itINEuuB Ugdk8z7D6cNdlL7XgiS9+H9R0zFTUdNvd+M1fzAYxA2rKeQ8bdNOd4+gssTmkqWrw+Ewp zo4glnuaDTKuR0KQG5lClm9JnNO1txpi5oe6lCxQ53tK7avs1CxUGdXil3ls+kp2tNHlhU r68y6ZY4vchVZUQNXdLaq2KrO1hRb0xlRLLcRBooNciup2DC3coqNdFZXrK6zc8XOdXah 2IXONibMRVhs6HAzAzd1uJWBWzqsZGBFh9sZuK3DnQzc0eFuBu7mdqObobn9eJSBRzo8yM CD/I6sZnA1V93stPn6OpIG8txKjrWpUuvlnC1u5cQ+Tx9tO32leLgFQj7TZs7qKquL+Ez Hd9pjabI5ZjnB9Vi5y2yW5LCxlJwkyWEX4JkaYxOPyQMr5JM7H2IVtQLyCKbwVSZUDYEiL l9ctufL0iRvT7Hnx/aH+zQKt9oRJJr8J2Dp536+cbpSssol63Btaf3z5D9BwXhrvDPeG5 bx0Vg3vhg148RwDWx8N34YN4Xrwk3hZ+HXWH0wNxnzxpi6Cr//Ac4LWvc=</latexit><latexit sha1_base64="d8MprgJynTIIu XO9CNTIoIxEYBU=">AAAI9HichZZbT9swFIDDbnTdDbbHvURDSHuYqgaQNu2JS4EhNFoYl 0JTISc9baM6TrAderHyJ/Y63qa97udM2r+ZkxacOkWL1Mj19/n49NiJ64TYY7xc/jv34O Gjx0/mC0+Lz56/ePlqYfH1KQsi6sKJG+CA1h3EAHsETrjHMdRDCsh3MJw5va2En10DZV5A jvkwhKaPOsRrey7isqtus8i/FCS+XFgql8rpZeYb1qSxZEyu2uXi/B+7FbiRD4S7GDHWs MohbwpEuediiIt2xCBEbg91oCGbBPnAmiJNODaXZU/LbAdUfgg3097sCIF8xoa+I00f8S7 TWdI5izUi3v7UFB4JIw7EHU/UjrDJAzP59WbLo+ByPJQN5FJP5mq6XUSRy2WNissblcre8 V714NvUhA5FPeDxdJ8T4NZ0V5INDwLMpruZrE4XpFu0CfTdwPcRaQmbkFjeAhL5DtB4mn kgGfhhV3glKMX2gMlgoEnAEY6FaXMYyHUXwE2E73U7twGh1LlPcuAqTu4djwi4itINEuuB Ugdk8z7D6cNdlL7XgiS9+H9R0zFTUdNvd+M1fzAYxA2rKeQ8bdNOd4+gssTmkqWrw+Ewp zo4glnuaDTKuR0KQG5lClm9JnNO1txpi5oe6lCxQ53tK7avs1CxUGdXil3ls+kp2tNHlhU r68y6ZY4vchVZUQNXdLaq2KrO1hRb0xlRLLcRBooNciup2DC3coqNdFZXrK6zc8XOdXah 2IXONibMRVhs6HAzAzd1uJWBWzqsZGBFh9sZuK3DnQzc0eFuBu7mdqObobn9eJSBRzo8yM CD/I6sZnA1V93stPn6OpIG8txKjrWpUuvlnC1u5cQ+Tx9tO32leLgFQj7TZs7qKquL+Ez Hd9pjabI5ZjnB9Vi5y2yW5LCxlJwkyWEX4JkaYxOPyQMr5JM7H2IVtQLyCKbwVSZUDYEiL l9ctufL0iRvT7Hnx/aH+zQKt9oRJJr8J2Dp536+cbpSssol63Btaf3z5D9BwXhrvDPeG5 bx0Vg3vhg148RwDWx8N34YN4Xrwk3hZ+HXWH0wNxnzxpi6Cr//Ac4LWvc=</latexit><latexit sha1_base64="d8MprgJynTIIu XO9CNTIoIxEYBU=">AAAI9HichZZbT9swFIDDbnTdDbbHvURDSHuYqgaQNu2JS4EhNFoYl 0JTISc9baM6TrAderHyJ/Y63qa97udM2r+ZkxacOkWL1Mj19/n49NiJ64TYY7xc/jv34O Gjx0/mC0+Lz56/ePlqYfH1KQsi6sKJG+CA1h3EAHsETrjHMdRDCsh3MJw5va2En10DZV5A jvkwhKaPOsRrey7isqtus8i/FCS+XFgql8rpZeYb1qSxZEyu2uXi/B+7FbiRD4S7GDHWs MohbwpEuediiIt2xCBEbg91oCGbBPnAmiJNODaXZU/LbAdUfgg3097sCIF8xoa+I00f8S7 TWdI5izUi3v7UFB4JIw7EHU/UjrDJAzP59WbLo+ByPJQN5FJP5mq6XUSRy2WNissblcre8 V714NvUhA5FPeDxdJ8T4NZ0V5INDwLMpruZrE4XpFu0CfTdwPcRaQmbkFjeAhL5DtB4mn kgGfhhV3glKMX2gMlgoEnAEY6FaXMYyHUXwE2E73U7twGh1LlPcuAqTu4djwi4itINEuuB Ugdk8z7D6cNdlL7XgiS9+H9R0zFTUdNvd+M1fzAYxA2rKeQ8bdNOd4+gssTmkqWrw+Ewp zo4glnuaDTKuR0KQG5lClm9JnNO1txpi5oe6lCxQ53tK7avs1CxUGdXil3ls+kp2tNHlhU r68y6ZY4vchVZUQNXdLaq2KrO1hRb0xlRLLcRBooNciup2DC3coqNdFZXrK6zc8XOdXah 2IXONibMRVhs6HAzAzd1uJWBWzqsZGBFh9sZuK3DnQzc0eFuBu7mdqObobn9eJSBRzo8yM CD/I6sZnA1V93stPn6OpIG8txKjrWpUuvlnC1u5cQ+Tx9tO32leLgFQj7TZs7qKquL+Ez Hd9pjabI5ZjnB9Vi5y2yW5LCxlJwkyWEX4JkaYxOPyQMr5JM7H2IVtQLyCKbwVSZUDYEiL l9ctufL0iRvT7Hnx/aH+zQKt9oRJJr8J2Dp536+cbpSssol63Btaf3z5D9BwXhrvDPeG5 bx0Vg3vhg148RwDWx8N34YN4Xrwk3hZ+HXWH0wNxnzxpi6Cr//Ac4LWvc=</latexit><latexit sha1_base64="d8MprgJynTIIu XO9CNTIoIxEYBU=">AAAI9HichZZbT9swFIDDbnTdDbbHvURDSHuYqgaQNu2JS4EhNFoYl 0JTISc9baM6TrAderHyJ/Y63qa97udM2r+ZkxacOkWL1Mj19/n49NiJ64TYY7xc/jv34O Gjx0/mC0+Lz56/ePlqYfH1KQsi6sKJG+CA1h3EAHsETrjHMdRDCsh3MJw5va2En10DZV5A jvkwhKaPOsRrey7isqtus8i/FCS+XFgql8rpZeYb1qSxZEyu2uXi/B+7FbiRD4S7GDHWs MohbwpEuediiIt2xCBEbg91oCGbBPnAmiJNODaXZU/LbAdUfgg3097sCIF8xoa+I00f8S7 TWdI5izUi3v7UFB4JIw7EHU/UjrDJAzP59WbLo+ByPJQN5FJP5mq6XUSRy2WNissblcre8 V714NvUhA5FPeDxdJ8T4NZ0V5INDwLMpruZrE4XpFu0CfTdwPcRaQmbkFjeAhL5DtB4mn kgGfhhV3glKMX2gMlgoEnAEY6FaXMYyHUXwE2E73U7twGh1LlPcuAqTu4djwi4itINEuuB Ugdk8z7D6cNdlL7XgiS9+H9R0zFTUdNvd+M1fzAYxA2rKeQ8bdNOd4+gssTmkqWrw+Ewp zo4glnuaDTKuR0KQG5lClm9JnNO1txpi5oe6lCxQ53tK7avs1CxUGdXil3ls+kp2tNHlhU r68y6ZY4vchVZUQNXdLaq2KrO1hRb0xlRLLcRBooNciup2DC3coqNdFZXrK6zc8XOdXah 2IXONibMRVhs6HAzAzd1uJWBWzqsZGBFh9sZuK3DnQzc0eFuBu7mdqObobn9eJSBRzo8yM CD/I6sZnA1V93stPn6OpIG8txKjrWpUuvlnC1u5cQ+Tx9tO32leLgFQj7TZs7qKquL+Ez Hd9pjabI5ZjnB9Vi5y2yW5LCxlJwkyWEX4JkaYxOPyQMr5JM7H2IVtQLyCKbwVSZUDYEiL l9ctufL0iRvT7Hnx/aH+zQKt9oRJJr8J2Dp536+cbpSssol63Btaf3z5D9BwXhrvDPeG5 bx0Vg3vhg148RwDWx8N34YN4Xrwk3hZ+HXWH0wNxnzxpi6Cr//Ac4LWvc=</latexit>
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Figure C.1: Diagrammatic representation for the isobar-spectator unitarity relation in Eq. (C.1).
where P̂′′?n is the orientation of the isobar associated with spectator n in the intermediate state,
and q̂′′n is the orientation of the first particle in the intermediate isobar in its rest frame. The
terms in the intermediate state have been split up into two groups, diagonal and off-diagonal. The
diagonal terms in Eq. (C.1) (first, third, and fourth line) are terms such that the isobar propagates
in the intermediate state without breaking up. The off-diagonal terms (second, fifth, and sixth line
in Eq. (C.1)) are ones where the isobar breaks up in the intermediate state, and combines with the
spectator to form a new isobar. Figure C.1 shows the diagonal and off-diagonal topologies in the
intermediate state.
The partial wave expansion Eq. (4.15) can be derived by considering the expansion in three
steps. The first step is to perform the expansion of the isobars into definite spin and helicity,
Akj =
∑
s′k,λ
′
k
∑
sj ,λj
Y
s′k
λ′k
(q̂′k)As′kλ′k;sjλjY
sj ∗
λj
(q̂j), (C.3)
where λj , λ
′
k are defined along the direction of the isobar in the CMF. The expansion removes the
q̂′k and q̂j dependence in the helicity amplitude As′kλ′k;sjλj . Second, the helicity amplitude can be
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expanded in partial waves,
As′kλ′k;sjλj =
∑
J
N 2J AJs′kλ′k;sjλj (σ
′
k, s, σj)
∑
M
D(J) ∗Mλ′k(P̂
′?
k )D(J)Mλj (P̂?j ), (C.4)
where N 2J = (2J + 1)/4pi. Finally, since parity is not a good quantum number in the helicity basis,
we convert the helicity partial wave amplitudes into LS partial wave amplitudes,
AJ`′ks′k;`jsj =
∑
λ′k,λj
CJ`′ks′kλ′kC
J
`jsjλjAJs′kλ′k;sjλj , (C.5)
where CJ`sλ =
√
(2`+ 1)/(2J + 1) 〈Jλ|`0sλ〉, and has the completeness relation
∑
λ
CJ`sλC
J
`′s′λ = δJJ ′δ``′δss′ . (C.6)
Combining Eqs. (C.3), (C.4), and (C.5) yields the partial wave expansion Eq. (4.15). We apply
the expansion to Eq. (C.1) to obtain the PWIS unitarity relations. The diagonal terms are most
directly evaluated using the orthonormality condition, Eq. (4.13). Since p′′k = p
′
k in the third term,
and p′′j = pj in the fourth term, then the intermediate isobar orientation is identical to that of the
final and initial state isobar, respectively. The integrations over q̂′k and q̂j can be performed by
writing Eq. (4.8) using the spherical harmonic addition theorem.
The off-diagonal terms are more challenging, as they involve two different angles in the inter-
mediate state, thus the rotational functions will not directly integrate out. We can make use of the
group properties of rotations to simplify the intermediate rotational functions to a recoupling coef-
ficient. The off-diagonal terms on the right-hand side of Eq. (C.1) under the expansion Eq. (4.15)
will contain terms of the form
D(sn) ∗λn0 (q̂n)D
(J) ∗
Mλn
(P̂?n)D(J)Mλr(P̂?r)D
(sr)
λr0
(q̂r)
= d
(sn)
λn0
(cosχn)D(J) ∗Mλn(R?n)D
(J)
Mλr
(R?r)d
(sr)
λr0
(cosχr),
(C.7)
where n 6= r, and we combined the terms with γn and the orientation of the isobar to the set of
angles R?n = (α
?
n, β
?
n, γ
?
n), where α
?
n is the azimuthal angle of the isobar and β
?
n is the polar angle,
w.r.t. some fixed coordinate system. Note that since we boost along the direction of the isobar to
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go between CMF and IRFs, γn = γ
?
n. The angles R
? are the Euler angles describing the orientation
of the three particles in their CMF. Since these two sets of angles describe the same configuration
of three particles, with the only difference being which particle is the spectator, the angles R?n and
R?r must be related by a rotation.
Each set of angles can be found by rotating from some initial standard configuration. We
define the standard configuration such that the three particle system lies in the xz-plane, where
the spectator momenta is along the negative z-axis, cf. Fig. C.2. Then, the difference in the Euler
angles is a rotation about the y-axis,
R?r = R
?
nr
?
nr, (C.8)
where r?nr is the rotation relating the two standard configurations [83, 85]. Here, the rotation is
about the y-axis, r?nr = Ry(θ
?
nr), where θ
?
nr is given in Eq. (A.3). Thus, the rotation is a function
of the invariant masses of the isobars, θ?nr = θ
?
nr(σn, s, σr). Note that the inverse rotation is given
by r?rn = r
?−1
nr .
Therefore, we can relate the two Wigner D-matrices using the group addition property
D(J)Mλr(R?r) =
∑
λn
D(J)Mλn(R?n)D
(J)
λnλr
(r?nr). (C.9)
The integration over the Euler angles in the intermediate state can be performed, leaving one
bX
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p?1
<latexit sha1_base64="X0WlPc/lbmwOoG70fLlaC pmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtAppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS3 2O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKo SupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmWuuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz +MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLV t2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRBeYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaL vSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcs m3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW 4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWU slE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+qnqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q 79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaC pmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtAppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS3 2O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKo SupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmWuuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz +MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLV t2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRBeYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaL vSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcs m3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW 4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWU slE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+qnqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q 79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaC pmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtAppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS3 2O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKo SupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmWuuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz +MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLV t2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRBeYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaL vSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcs m3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW 4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWU slE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+qnqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q 79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaC pmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtAppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS3 2O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKo SupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmWuuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz +MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLV t2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRBeYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaL vSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcs m3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW 4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWU slE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+qnqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q 79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit>
p?1
<latexit sha1_base64="X0WlPc/lbmwOoG70fLlaCpmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS32O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKoSupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmW uuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz+MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLVt2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRB eYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaLvSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcsm3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9 G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWUslE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+q nqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaCpmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS32O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKoSupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmW uuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz+MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLVt2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRB eYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaLvSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcsm3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9 G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWUslE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+q nqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaCpmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS32O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKoSupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmW uuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz+MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLVt2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRB eYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaLvSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcsm3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9 G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWUslE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+q nqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit><latexit sha1_base64="X0WlPc/lbmwOoG70fLlaCpmXcn8=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVANK2O2gLAqGtH6MDqemQ45xSq7ETHBcoVrS32O12sZfa28wtRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD4tP3v+4uXa+sarb2k8FgS6JI5icRbgFCLKoSupjOAsEYBZEMFpMKpP/fQKREpjfiInCfQZvuB0QAmW uuX7ybn3XfmpxCI7X6+4VXe2nGLhzYsKmq/W+cbKHz+MyZgBlyTCadrz3ET2FRaSkgiysj9OIcFkhC+gp0uOGaR9NTt05mzqTugMYqF/XDqzbn6HwixNJyzQSYblMLVt2nzIemM5+NhXlCdjCZzcPWgwjhwZO9M34IRUAJHRRB eYCKrP6pAhFphI/Z7Km3uNxtHJUfPL14UHBgKPQGaLvSCOQt0SwOGaxIxhHiq/lSl/eqhgoFqZ1ry1jbVtOzZ2bFtiLLHt0thlVjjNyOjI3ukac23z7i1gyrNxy2zcsm3b2LZtO8Z2bOPGuG03xm5smxib2HZr7Na2vbkRHKk9 G2s5rNlYz2HdxkYOGzbu53DfxoMcHtjYyWGn+JWbOW4WbhpojfUQmM6IhUvbF3s4WC8Er2XW8/r6n4YgaRSCciqeU0gNTWqI5YMZFgzuQvPPdJ9pgB4oAj7rbjMBgWUslE+ZPp+EG6mOWOa//19MwH2sA9OYnmuePcWKRXer+q nqtXcqu7X5gFtFb9Bb9A556APaRYeohbqIoAT9RL/Q79JhiZdk6eouurw03/MaLazSj38YdBU7</latexit>
p?2
<latexit sha1_base64="cxz3GNmvYlXSGWXNCb5gaxmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWo W0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhvsdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIs dcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/vhhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUptmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNN UFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZYi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2Vm3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjV bWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJaxUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5V PFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5gaxmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWo W0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhvsdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIs dcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/vhhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUptmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNN UFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZYi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2Vm3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjV bWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJaxUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5V PFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5gaxmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWo W0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhvsdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIs dcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/vhhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUptmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNN UFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZYi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2Vm3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjV bWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJaxUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5V PFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5gaxmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWo W0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhvsdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIs dcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/vhhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUptmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNN UFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZYi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2Vm3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjV bWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJaxUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5V PFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit>
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<latexit sha1_base64="cxz3GNmvYlXSGWXNCb5ga xmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWoW0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhv sdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ 09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIsdcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/v hhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUp tmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNNUFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZ Yi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2V m3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjVbWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57 hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJa xUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5VPFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h 36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5ga xmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWoW0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhv sdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ 09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIsdcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/v hhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUp tmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNNUFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZ Yi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2V m3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjVbWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57 hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJa xUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5VPFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h 36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5ga xmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWoW0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhv sdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ 09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIsdcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/v hhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUp tmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNNUFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZ Yi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2V m3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjVbWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57 hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJa xUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5VPFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h 36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit><latexit sha1_base64="cxz3GNmvYlXSGWXNCb5ga xmDKfo=">AAAFxXicddTdTtswFAdww+jG2AewXe4mWoW0i6lKSqVtd/QDBEJbS0cHUtMhxzmlVmMnOC5QrGhv sdvtYi+1t5kLRU4dZqnq0fn9rdiJdIIkoql03b9Ly49WSo+frD5de/b8xcv1jc1X39J4Igj0SBzF4jTAKUSUQ 09SGcFpIgCzIIKTYNyc+ckliJTG/FhOExgwfM7pkBIsdcv3k7Pqd+WnEovsbKPsVtzb5RQLb16U0Xx1zjZX/v hhTCYMuCQRTtO+5yZyoLCQlESQrfmTFBJMxvgc+rrkmEE6ULeHzpwt3QmdYSz0j0vntpvfoTBL0ykLdJJhOUp tmzUfsv5EDj8OFOXJRAIndw8aTiJHxs7sDTghFUBkNNUFJoLqszpkhAUmUr+nta16q3VwfND+8nXhgYHAY5DZ Yi+Io1C3BHC4IjFjmIfK72TKnx0qGKpOpjVvR8aObDs0dmhbYiyx7cLYRVY4zdjo2N7pGnNt8+4tYMqzsWo2V m3bNrZtW81YzTZujNt2bezatqmxqW03xm5sq8+N4EjVbWzksGFjM4dNG1s5bNm4m8NdG/dyuGdjN4fd4ldu57 hduGmgNdZDYDYjFi5tX+zhYLMQvJJZ3xvofxqCpFEIyil7TiE1MqkRlg9mWDC8C80/032mBXqgCPisu+0EBJa xUD5l+nwSrqU6YJn//n8xAfexLsxieq559hQrFr1q5VPFO6qVdxrzAbeK3qC36B3y0Ae0g/ZRB/UQQQn6iX6h 36X9Ei/J0uVddHlpvuc1WlilH/8AHdIVPA==</latexit>
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<latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit>
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<latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit><latexit sha1_base64="xR28zIi3Pl0XN6aRoQPdzXQxlI0=">AAAFxXicddTdTtswFAdww+jGug9gu9xNtA ppF1OVFKRtd0ALAqGtpaMDqemQ45xSq7ETHBdarGhvsdvtYi+1t5lbipw6zFLVo/P7W7ET6QRJRFPpun+Xlh+tlB4/WX1afvb8xcu19Y1X39J4JAh0SBzF4jzAKUSUQ0dSGcF5IgCzIIKzYFif+tk1iJTG/FROEugxfMlpnxIs dcv3k4ut78pPJRbZxXrFrbqz5RQLb15U0Hy1LjZW/vhhTEYMuCQRTtOu5yayp7CQlESQlf1RCgkmQ3wJXV1yzCDtqdmhM2dTd0KnHwv949KZdfM7FGZpOmGBTjIsB6lt0+ZD1h3J/seeojwZSeDk7kH9UeTI2Jm+ASekAoiMJr rARFB9VocMsMBE6vdU3txtNI5Oj5pfvi48MBB4CDJb7AVxFOqWAA43JGYM81D5rUz500MFfdXKtObtxNiJbcfGjm1LjCW2XRm7ygqnGRod2jtdY65t3r0FTHk21szGmm1bxrZs2za2bRs3xm0bGxvbNjE2se3W2K1tu3MjOFK7 Nu7lcM/Geg7rNjZy2LBxP4f7Nh7k8MDGdg7bxa/czHGzcNNAa6yHwHRGLFzavtjDwXoheCOzrtfT/zQESaMQlFPxnEJqYFIDLB/MsKB/F5p/pvtMA/RAEfBZd5sJCCxjoXzK9PkkjKU6Ypn//n8xAfexNkxjeq559hQrFp1a9V PVO9mu7OzNB9wqeoPeonfIQx/QDjpELdRBBCXoJ/qFfpcOS7wkS9d30eWl+Z7XaGGVfvwDIzAVPQ==</latexit>
✓?13
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(a) (b)
Figure C.2: The standard configurations considering (a) particle 1 as the spectator and (b) particle
3 as the spectator.
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rotation that recouples the isobars,∫
dR?nD(J) ∗Mλn(R?n)D
(J)
Mλr
(R?r)
=
∑
λ
∫
dR?nD(J) ∗Mλn(R?n)D
(J)
Mλ(R
?
n)D(J)λλr(r?nr)
=
8pi2
2J + 1
d
(J)
λnλr
(cos θ?nr).
(C.10)
where dR?n = dα
?
nd cosβ
?
ndγ
?
n.
Since the angle χ can be written in terms of the invariant masses of the isobars, it is advantages
to write the phase space in terms of the Dalitz variables,
1
(2pi)5
∫
d3p′′1
2ω′′1
d3p′′2
2ω′′2
d3p′′3
2ω′′3
δ(4)(P ′′ − P )
=
1
pis (32pi2)2
∫ (√s−m2n)2
σ
(th)
n
dσ′′n
∫ σ(+)r
σ
(−)
r
dσ′′r
∫
dR′′?n ,
(C.11)
where we used
dσ′′r = 2
√
s√
σ′′n
|q′′n||p′′?n | d cosχ′′n, (C.12)
to rewrite Eq. (C.2). The Dalitz region is bounded by σ
(th)
n ≤ σ′′n ≤ (
√
s−mn)2 and σ(−)r ≤ σ′′r ≤
σ
(+)
r , where σ
(±)
r = σ
(±)
r (σ′′n) is found by the physical boundary cosχ
′′
n = ±1, e.g. for n = 1 and
r = 3, then
σ
(±)
3 = m
2
1 +m
2
2 −
1
2σ′′1
(σ′′1 − s+m21)(σ′′1 +m22 −m23)
± 1
2σ′′1
λ1/2(s, σ′′1 ,m
2
1)λ
1/2(σ′′1 ,m
2
2,m
2
3).
(C.13)
The last piece needed is the partial wave projection of the OPE term. To evaluate the partial
wave projection, we write the delta-function as
δ(ujk − µ2jk) =
1
2|p′?k ||p?j |
δ(z?kj − zkj), (C.14)
where zkj is defined in Eq. (5.18). Then, the completeness relation for the delta-function allows us
to write Eq. (C.14) as
δ(z?kj − zkj) =
∑
J
(
2J + 1
2
)
d
(J)
λ′λ(z
?
kj)d
(J)
λ′λ(zkj), (C.15)
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where λ and λ′ are arbitary, and thus we may choose them to align with λj and λ′k, respectively.
Then, d
(J)
λjλ′k
(z?kj) is written in terms of the angles P̂
?
j and P̂
′?
k , via the group addition property,
d
(J)
λ′λ(z
?
kj) =
∑
M
D(J) ∗Mλ′ (P̂′?k )D(J)Mλ(P̂?j ). (C.16)
Finally, the 2→ 2 amplitudes are written using Eq. (4.8)
F ∗kFj = f
∗
s′k
(σ′k)fsj (σj)Ps′k(q̂j · q̂′k)Psj (q̂j · q̂
′
k)
= f∗s′k(σ
′
k)fsj (σj)
∑
λ′k
D(s′k) ∗λ′k0 (q̂
′
k)D(s
′
k)
λ′k0
(q̂j)
×
∑
λj
D(sj) ∗λj0 (q̂
′
k)D(sj)λj0 (q̂j),
(C.17)
where q¯j is the momentum of the first particle in the final state in the IRFj , and q¯
′
k is the
momentum of the first particle in the initial state in the IRF′k. Since p
′′
k = p
′
k and p
′′
j = pj , then
the azimuthal angles are identical, γ′k = γj . The helicity angles of the first particle in the opposite
frames are defined as χj and χ
′
k, cf. Fig. C.3. However, we can easily identify that χ
′
k = χ
′
k and
χj = χ′k since the intermediate spectator is aligned for the OPE and the IRFs merely differ by the
rotation about z.
Combining all of this together yields the PWIS unitarity relations,
p002
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Figure C.3: Relation between the initial and final IRF planes for the OPE amplitude.
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where the recoupling coefficients are defined in Eq. (4.19). Notice that the first, third, and
fourth term involve direct channel exchanges in the intermediate state, while the others involve
rescattering between cross channels.
Finally, we introduce the amputated amplitude A˜J`′ks′k;`jsj , defined in Eq. (4.18). The amputa-
tion eliminates the unitarity cut from the 2 → 2 amplitude in the two particle subsystem in the
third and fourth term of Eq. (C.18). Taking the imaginary part of Eq. (4.18),
Im
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The amputation removes the contribution from the isobar amplitude unitarity cut using Eq. (4.9),
leaving only rescattering corrections to the isobar shape. We then arrive at the amputated PWIS
unitarity relations Eq. (4.19).
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Appendix D
THE B-MATRIX AND UNITARITY
In this appendix, we demonstrate that the B-matrix parameterization satisfies the unitarity rela-
tions Eq. (4.19), specifically for A˜13. Recall that the B-matrix parameterization for A˜13 is
A˜13(s) = B˜13(s) + B˜13(s)τ3(s)A˜33(s), (D.1)
which has an imaginary part
Im A˜13(s) = Im B˜13(s)
+ Im B˜13(s)τ3(s)A˜33(s)
+ B˜∗13(s) Im τ3(s)A˜33(s)
+ B˜∗13(s)τ∗3 (s) Im A˜33(s).
(D.2)
From Eqs. (5.4) and (4.9),
Im τn(s, σn) = ρ3(s, σn)ρ2(σn)|fsn(σn)|2, (D.3)
and since R˜kj is real, Im B˜kj = Im E˜kj , which is known from projecting Eq. (5.6) into partial waves.
The imaginary part of A˜33 is found by using Eq. (5.12b),
Im A˜33(s) = Im [1−K33(s)τ3(s)]−1K33(s)
+ [1−K∗33(s)τ∗3 (s)]−1 ImK33(s),
(D.4)
where the kernel K33(s) = B˜31(s)τ1(s)B˜13(s) . The imaginary part of [1−K33(s)τ3(s)]−1 is found
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by the identity Im
[
A−1A
]
= ImA−1A+A∗−1 ImA = 0, giving
Im [1−K33(s)τ3(s)]−1 = [1−K∗33(s)τ∗3 (s)]−1
× Im [K33(s)τ3(s)]
× [1−K33(s)τ3(s)]−1 ,
(D.5)
with Im [K33(s)τ3(s)] = ImK33(s)τ3(s) +K∗33(s) Im τ3(s). Combining Eqs. (D.2), (D.4), and (D.5)
give
Im A˜13(s) = Im B˜13(s)
+ Im B˜13(s)τ3(s)A˜33(s)
+ B˜∗13(s) Im τ3(s)A˜33(s)
+ B˜∗13(s)τ∗3 (s) [1−K∗33(s)τ∗3 (s)]−1 ImK33(s)τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ B˜∗13(s)τ∗3 (s) [1−K∗33(s)τ∗3 (s)]−1K∗33(s) Im τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ B˜∗13(s)τ∗3 [1−K∗33(s)τ∗3 (s)]−1 ImK33(s).
(D.6)
The imaginary part of the kernel is
ImK33(s) = Im B˜31(s)τ1(s)B˜13(s)
+ B˜∗31(s) Im τ1(s)B˜13(s)
+ B˜∗31(s)τ∗1 (s) Im B˜13(s).
(D.7)
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We use Eq. (5.15) to shift the last three lines of Eq. (D.6) in terms K11 = B˜13(s)τ3(s)B˜31(s),
Im A˜13(s) = Im B˜13(s)
+ Im B˜13(s)τ3(s)A˜33(s)
+ B˜∗13(s) Im τ3(s)A˜33(s)
+ [1−K∗11(s)τ∗1 (s)]−1 B˜∗13(s)τ∗3 Im B˜31(s)τ1(s)B˜13(s)τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ [1−K∗11(s)τ∗1 (s)]−1K∗11(s) Im τ1(s)B˜13(s)τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ [1−K∗11(s)τ∗1 (s)]−1K∗11(s)τ∗1 (s) Im B˜13(s)τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ B˜∗13(s)τ∗3 (s) [1−K∗33(s)τ∗3 (s)]−1K∗33(s) Im τ3(s) [1−K33(s)τ3(s)]−1K33(s)
+ [1−K∗11(s)τ∗1 (s)]−1 B˜∗13(s)τ∗3 (s) Im B˜31(s)τ1(s)B˜13(s)
+ [1−K∗11(s)τ∗1 (s)]−1K∗11(s) Im τ1(s)B˜13(s)
+ [1−K∗11(s)τ∗1 (s)]−1K∗11(s)τ∗1 (s) Im B˜13(s).
(D.8)
Grouping common terms in Im τn and Im B˜kj , and identifying the forms of the amplitudes from
Sec. ??, yields
Im A˜13(s) = Im B˜13(s)
+ Im B˜13(s)τ3(s)A˜33(s)
+ A˜∗11(s)τ∗1 (s) Im B˜13(s)
+ A˜∗13(s) Im τ3(s)A˜33(s)
+ A˜∗11(s) Im τ1(s)A˜13(s)
+ A˜∗11(s)τ∗1 (s) Im B˜13(s)τ3(s)A˜33(s)
+ A˜∗13(s)τ∗3 (s) Im B˜31(s)τ1(s)A˜13(s).
(D.9)
Substituting for the imaginary parts of τn and B˜kj gives the PWIS unitarity relation for A˜13. The
unitarity relations for the other amplitudes can be found in a similar manner.
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Figure E.1: The triangle diagram with loop momentum labels.
Appendix E
THE FEYNMAN TRIANGLE DIAGRAM
For reference, we state the basic formulae for computing the Feynman triangle diagram, cf.
Ref. [74]. The perturbative Feynman diagram has the form
TF (s) = i
∫
d4k
(2pi)4
1
D1D2D3
, (E.1)
shown in Fig. E.1, where the denominator is the product of internal propagators,
D1D2D3 =
[
k2 − µ2jk + i
]
× [(k + P1)2 −m23 + i]
× [(k − p1)2 −M2 + i] .
(E.2)
Using the Feynman parameterization and standard loop integration techniques, the Feynman
diagram has the form
TF (s) = 1
16pi2
∫ 1
0
dα1
∫ 1−α1
0
dα2 F (s;α1, α2), (E.3)
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where
F−1(s;α1, α2) = M2α1 +m23α2 + µ
2(1− α1 − α2)
+m21α1(α1 − 1) + σ1α2(α2 − 1)
− (s− σ1 −m21)α1α2 − i.
(E.4)
The remaining integrals over the Feynman parameters can be computed either numerically, or by
analytically performing the integral over α2, then numerically computing the remaining integral
over α1.
Alternatively, the Feynman triangle can be written with a dispersive representation in s using
the Cutkosky rules [74],
TF (s) =
∫
ΓT
ds′
ρ3(s
′,M2)E˜13(M2, s′, σ1)
s′ − s− i , (E.5)
where ΓT is the path from the threshold (M +m3)
2 to ∞, ρ3(s,M2) is given by Eq. (5.5), E˜13 is
given by Eq. (5.17), and the S-wave amplitudes are normalized according to Eq. (4.15). The phase
space contributes branch point singularities from the threshold and pseudothreshold, (M ±m3)2,
and a pole at s = 0. The OPE has branch points s = s
(±)
31 near the integration region. Following
the discussion in Section 5.2.1, the OPE branch points give us the following scenarios:
(a) M2 ≥ σ(b)3 . The RPE branch points pinch the integration region which starts at s = (M+m3)2.
Figure E.2(a) shows the integrand branch cuts and the dispersive contour. The RPE branch
point s
(−)
31 lie in the unphysical sheet close to threshold, causing the known as the triangle
singularity [86,94,95,98]. The triangle singularity produces an extra threshold in the physical
region above the threshold s = (M +m3)
2, and is associated with real particle exchange in the
intermediate state. The location of the triangle singularity occurs at
stri =
1
2m22
[
(m23 − σ1)(m21 −M2)−m42
+m22(m
2
3 +m
2
1 + σ1 +M
2)
± λ1/2(m22,m23, σ1)λ1/2(m22,m21,M2)
]
.
(E.6)
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<latexit sha1_base64="jZbDlp/rbFc18YobZeNTe2CLgqE=">AAAJBHichZZbb9MwFIDDvZTbAIkXXiImJJBQ1XST4J GtHTChrdtgUFjKZKenrVXnMttZ25m88kN4ZW+IV34GEv8GJ+3m1GlFpEaOv8/H7slJHBxRwkW1+vfCxUuXr1y9VrpevnHz1u07S3fvfeBhzDzY90IashZGHCgJYF8QQaEVMUA+pvARD+op/3gMjJMweC/GEbR91AtIl3hIqK7DpQdbX2q22wPb5aTn o8OVL/IJfpocLi1XK9XssIsNZ9pYtqbHzuHda3/cTujFPgTCo4jzA6caibZETBCPQlJ2Yw4R8gaoBweqGSAfeFtmfyCxH6uejt0NmfoFws568yMk8jkf+1iZPhJ9brK0cx47iEX3RVuSIIoFBN5kom5MbRHaaTbsDmHgCTpWDeQxotZqe33EkCdUzs qP1xqNzfebze13MxNihgYgktk+HNLObFe6GhGGlM92c5WdPii37AYw9ELfR0FHukGQqFMYxD4GlswyAoqBH/UlqUAlcUdcBQNDAoFoIm1XwEjVgQRhI7rQ7Z0FhEpvkYThKEnPPRJIOIqzgknMQJkDqrnIwEM4jzIkHUiXl/wvajZmJmp2dT7e8Eej UXLgtKWap2u7WfVIplJsLzumOh6PCyqmMcxzT05OCm6PAQRnMoO8vqPWnN5z3JU7ZqhdzXZN9laztyaLNItMdqTZUXE1A00H5siqZlWTOWcM+7KQkZoeWDPZimYrJlvVbNVkgWaFQhhpNircSc3GhTun2YnJWpq1TPZJs08m+6zZZ5OtTZmHqFwz4Xo OrpuwnoN1EzZysGHCjRzcMOGrHHxlwtc5+LpQjV6OFupxLwf3TLidg9vFimzmcLOQ3fy0xfxiRUO1j6Xb3EyqzXTOF+sFcSiyR9vNXimEdkCqZ9ouWH1t9ZGY6/i4O5GmxTHPCY8nyvnK5kmYT6R0J0k3u5DO1TifelxtWJGYnsWY6qgNUFswgy21o GYEDAn14nKJr1KTvj3lpp+4zxZpDM60PUg19SXgmPt+sfGhVnGqFWd3dfnl+vSboGQ9tB5ZTyzHem69tN5YO9a+5Vlfre/WD+u09K10WvpZ+jVRL16YjrlvzRyl3/8AkZhfkw==</latexit><latexit sha1_base64="jZbDlp/rbFc18YobZeNTe2CLgqE=">AAAJBHichZZbb9MwFIDDvZTbAIkXXiImJJBQ1XST4J GtHTChrdtgUFjKZKenrVXnMttZ25m88kN4ZW+IV34GEv8GJ+3m1GlFpEaOv8/H7slJHBxRwkW1+vfCxUuXr1y9VrpevnHz1u07S3fvfeBhzDzY90IashZGHCgJYF8QQaEVMUA+pvARD+op/3gMjJMweC/GEbR91AtIl3hIqK7DpQdbX2q22wPb5aTn o8OVL/IJfpocLi1XK9XssIsNZ9pYtqbHzuHda3/cTujFPgTCo4jzA6caibZETBCPQlJ2Yw4R8gaoBweqGSAfeFtmfyCxH6uejt0NmfoFws568yMk8jkf+1iZPhJ9brK0cx47iEX3RVuSIIoFBN5kom5MbRHaaTbsDmHgCTpWDeQxotZqe33EkCdUzs qP1xqNzfebze13MxNihgYgktk+HNLObFe6GhGGlM92c5WdPii37AYw9ELfR0FHukGQqFMYxD4GlswyAoqBH/UlqUAlcUdcBQNDAoFoIm1XwEjVgQRhI7rQ7Z0FhEpvkYThKEnPPRJIOIqzgknMQJkDqrnIwEM4jzIkHUiXl/wvajZmJmp2dT7e8Eej UXLgtKWap2u7WfVIplJsLzumOh6PCyqmMcxzT05OCm6PAQRnMoO8vqPWnN5z3JU7ZqhdzXZN9laztyaLNItMdqTZUXE1A00H5siqZlWTOWcM+7KQkZoeWDPZimYrJlvVbNVkgWaFQhhpNircSc3GhTun2YnJWpq1TPZJs08m+6zZZ5OtTZmHqFwz4Xo OrpuwnoN1EzZysGHCjRzcMOGrHHxlwtc5+LpQjV6OFupxLwf3TLidg9vFimzmcLOQ3fy0xfxiRUO1j6Xb3EyqzXTOF+sFcSiyR9vNXimEdkCqZ9ouWH1t9ZGY6/i4O5GmxTHPCY8nyvnK5kmYT6R0J0k3u5DO1TifelxtWJGYnsWY6qgNUFswgy21o GYEDAn14nKJr1KTvj3lpp+4zxZpDM60PUg19SXgmPt+sfGhVnGqFWd3dfnl+vSboGQ9tB5ZTyzHem69tN5YO9a+5Vlfre/WD+u09K10WvpZ+jVRL16YjrlvzRyl3/8AkZhfkw==</latexit><latexit sha1_base64="jZbDlp/rbFc18YobZeNTe2CLgqE=">AAAJBHichZZbb9MwFIDDvZTbAIkXXiImJJBQ1XST4J GtHTChrdtgUFjKZKenrVXnMttZ25m88kN4ZW+IV34GEv8GJ+3m1GlFpEaOv8/H7slJHBxRwkW1+vfCxUuXr1y9VrpevnHz1u07S3fvfeBhzDzY90IashZGHCgJYF8QQaEVMUA+pvARD+op/3gMjJMweC/GEbR91AtIl3hIqK7DpQdbX2q22wPb5aTn o8OVL/IJfpocLi1XK9XssIsNZ9pYtqbHzuHda3/cTujFPgTCo4jzA6caibZETBCPQlJ2Yw4R8gaoBweqGSAfeFtmfyCxH6uejt0NmfoFws568yMk8jkf+1iZPhJ9brK0cx47iEX3RVuSIIoFBN5kom5MbRHaaTbsDmHgCTpWDeQxotZqe33EkCdUzs qP1xqNzfebze13MxNihgYgktk+HNLObFe6GhGGlM92c5WdPii37AYw9ELfR0FHukGQqFMYxD4GlswyAoqBH/UlqUAlcUdcBQNDAoFoIm1XwEjVgQRhI7rQ7Z0FhEpvkYThKEnPPRJIOIqzgknMQJkDqrnIwEM4jzIkHUiXl/wvajZmJmp2dT7e8Eej UXLgtKWap2u7WfVIplJsLzumOh6PCyqmMcxzT05OCm6PAQRnMoO8vqPWnN5z3JU7ZqhdzXZN9laztyaLNItMdqTZUXE1A00H5siqZlWTOWcM+7KQkZoeWDPZimYrJlvVbNVkgWaFQhhpNircSc3GhTun2YnJWpq1TPZJs08m+6zZZ5OtTZmHqFwz4Xo OrpuwnoN1EzZysGHCjRzcMOGrHHxlwtc5+LpQjV6OFupxLwf3TLidg9vFimzmcLOQ3fy0xfxiRUO1j6Xb3EyqzXTOF+sFcSiyR9vNXimEdkCqZ9ouWH1t9ZGY6/i4O5GmxTHPCY8nyvnK5kmYT6R0J0k3u5DO1TifelxtWJGYnsWY6qgNUFswgy21o GYEDAn14nKJr1KTvj3lpp+4zxZpDM60PUg19SXgmPt+sfGhVnGqFWd3dfnl+vSboGQ9tB5ZTyzHem69tN5YO9a+5Vlfre/WD+u09K10WvpZ+jVRL16YjrlvzRyl3/8AkZhfkw==</latexit><latexit sha1_base64="jZbDlp/rbFc18YobZeNTe2CLgqE=">AAAJBHichZZbb9MwFIDDvZTbAIkXXiImJJBQ1XST4J GtHTChrdtgUFjKZKenrVXnMttZ25m88kN4ZW+IV34GEv8GJ+3m1GlFpEaOv8/H7slJHBxRwkW1+vfCxUuXr1y9VrpevnHz1u07S3fvfeBhzDzY90IashZGHCgJYF8QQaEVMUA+pvARD+op/3gMjJMweC/GEbR91AtIl3hIqK7DpQdbX2q22wPb5aTn o8OVL/IJfpocLi1XK9XssIsNZ9pYtqbHzuHda3/cTujFPgTCo4jzA6caibZETBCPQlJ2Yw4R8gaoBweqGSAfeFtmfyCxH6uejt0NmfoFws568yMk8jkf+1iZPhJ9brK0cx47iEX3RVuSIIoFBN5kom5MbRHaaTbsDmHgCTpWDeQxotZqe33EkCdUzs qP1xqNzfebze13MxNihgYgktk+HNLObFe6GhGGlM92c5WdPii37AYw9ELfR0FHukGQqFMYxD4GlswyAoqBH/UlqUAlcUdcBQNDAoFoIm1XwEjVgQRhI7rQ7Z0FhEpvkYThKEnPPRJIOIqzgknMQJkDqrnIwEM4jzIkHUiXl/wvajZmJmp2dT7e8Eej UXLgtKWap2u7WfVIplJsLzumOh6PCyqmMcxzT05OCm6PAQRnMoO8vqPWnN5z3JU7ZqhdzXZN9laztyaLNItMdqTZUXE1A00H5siqZlWTOWcM+7KQkZoeWDPZimYrJlvVbNVkgWaFQhhpNircSc3GhTun2YnJWpq1TPZJs08m+6zZZ5OtTZmHqFwz4Xo OrpuwnoN1EzZysGHCjRzcMOGrHHxlwtc5+LpQjV6OFupxLwf3TLidg9vFimzmcLOQ3fy0xfxiRUO1j6Xb3EyqzXTOF+sFcSiyR9vNXimEdkCqZ9ouWH1t9ZGY6/i4O5GmxTHPCY8nyvnK5kmYT6R0J0k3u5DO1TifelxtWJGYnsWY6qgNUFswgy21o GYEDAn14nKJr1KTvj3lpp+4zxZpDM60PUg19SXgmPt+sfGhVnGqFWd3dfnl+vSboGQ9tB5ZTyzHem69tN5YO9a+5Vlfre/WD+u09K10WvpZ+jVRL16YjrlvzRyl3/8AkZhfkw==</latexit>
 
(a)
3 M2   (b)3
<latexit sha1_base64="ex8lSzq+ESMOdJpBmPX/75Y0r3c=">AAAJF3ichZZbb9MwFICzcVkZtw0eeYmokJiEq qabBI+7dMA0sRuM3dJNdnraWnUutZ2tnZXfwDM/hFd4Q7zygsS/wUm7OXU6Eamp6+/zsXtyEgdHlHBRrf6dmr51+87dmdK92fsPHj56PDf/5DMPY+bBvhfSkB1ixIGSAPYFERQOIwbIxxQOcHct5QfnwDgJg09iEEHDR+2AtIiHhOo6m 1twOWn76GzxVL5EC4ntUrA/nNay7xzCC8nZXLlaqWaHXWw4o0bZGh07Z/Mzf9xm6MU+BMKjiPMTpxqJhkRMEI9CMuvGHCLkdVEbTlQzQD7whsz+U2K/UD1NuxUy9QmEnfXmR0jkcz7wsTJ9JDrcZGnnJHYSi9abhiRBFAsIvOFErZjaIr TTBNlNwsATdKAayGNErdX2OoghT6g0zr5Yqdc3Pm1sb30cmxAz1AWRjPfhkDbHu9LViDCkfLybq+x0QLmzbgAXXuj7KGhKNwgSdQqD2MfAknFGQDHwo44kFagkbp+rYGBIIBBNpO0K6KvSkCBsRG9021cBodK+ScLQS9JzmwQSenFWQ4k ZKHNANW8y8AVcR7kgTUiXl/wvajZmLGr263q84ff7/eTEaUg1T8t2s+qRTKXYLjumOhgMCiqmMUxyLy8vC26bAQRXMoO8vqPWnF5z3JI7ZqhdzXZNtqnZpskizSKT9TTrFVfT1bRrjqxqVjWZc8WwLwsZqemBNZMtarZosiXNlkwWaFY ohL5m/cKV1GxQuHKaXZrsULNDkx1pdmSyY82OTbYyYh6icsWEqzm4asK1HFwzYT0H6yZcz8F1E77NwbcmfJeD7wrV6OVooR73cnDPhFs5uFWsyO0c3i5kNz9tMb9Y0VBtbenON5ZqM52TxbWCeCGyW9vNHimENkGqe9ouWB1tdZCY6Pi4 NZRGxTHJCc+HyvXKJkmYD6V0J0k3u5BO1DgfeVxtWJEYncWA6qh1UFswgw9qQdsRMCTUg8slvkpN+vSUG37ivrpJY3Cl7UGqqTcBx9z3i43PtYpTrTi7S+Xl1dE7Qcl6Zj23XlqO9dpatt5bO9a+5VlfrG/Wd+tH6WvpR+ln6ddQnZ4aj XlqjR2l3/8A6Xxmyg==</latexit><latexit sha1_base64="ex8lSzq+ESMOdJpBmPX/75Y0r3c=">AAAJF3ichZZbb9MwFICzcVkZtw0eeYmokJiEq qabBI+7dMA0sRuM3dJNdnraWnUutZ2tnZXfwDM/hFd4Q7zygsS/wUm7OXU6Eamp6+/zsXtyEgdHlHBRrf6dmr51+87dmdK92fsPHj56PDf/5DMPY+bBvhfSkB1ixIGSAPYFERQOIwbIxxQOcHct5QfnwDgJg09iEEHDR+2AtIiHhOo6m 1twOWn76GzxVL5EC4ntUrA/nNay7xzCC8nZXLlaqWaHXWw4o0bZGh07Z/Mzf9xm6MU+BMKjiPMTpxqJhkRMEI9CMuvGHCLkdVEbTlQzQD7whsz+U2K/UD1NuxUy9QmEnfXmR0jkcz7wsTJ9JDrcZGnnJHYSi9abhiRBFAsIvOFErZjaIr TTBNlNwsATdKAayGNErdX2OoghT6g0zr5Yqdc3Pm1sb30cmxAz1AWRjPfhkDbHu9LViDCkfLybq+x0QLmzbgAXXuj7KGhKNwgSdQqD2MfAknFGQDHwo44kFagkbp+rYGBIIBBNpO0K6KvSkCBsRG9021cBodK+ScLQS9JzmwQSenFWQ4k ZKHNANW8y8AVcR7kgTUiXl/wvajZmLGr263q84ff7/eTEaUg1T8t2s+qRTKXYLjumOhgMCiqmMUxyLy8vC26bAQRXMoO8vqPWnF5z3JI7ZqhdzXZNtqnZpskizSKT9TTrFVfT1bRrjqxqVjWZc8WwLwsZqemBNZMtarZosiXNlkwWaFY ohL5m/cKV1GxQuHKaXZrsULNDkx1pdmSyY82OTbYyYh6icsWEqzm4asK1HFwzYT0H6yZcz8F1E77NwbcmfJeD7wrV6OVooR73cnDPhFs5uFWsyO0c3i5kNz9tMb9Y0VBtbenON5ZqM52TxbWCeCGyW9vNHimENkGqe9ouWB1tdZCY6Pi4 NZRGxTHJCc+HyvXKJkmYD6V0J0k3u5BO1DgfeVxtWJEYncWA6qh1UFswgw9qQdsRMCTUg8slvkpN+vSUG37ivrpJY3Cl7UGqqTcBx9z3i43PtYpTrTi7S+Xl1dE7Qcl6Zj23XlqO9dpatt5bO9a+5VlfrG/Wd+tH6WvpR+ln6ddQnZ4aj XlqjR2l3/8A6Xxmyg==</latexit><latexit sha1_base64="ex8lSzq+ESMOdJpBmPX/75Y0r3c=">AAAJF3ichZZbb9MwFICzcVkZtw0eeYmokJiEq qabBI+7dMA0sRuM3dJNdnraWnUutZ2tnZXfwDM/hFd4Q7zygsS/wUm7OXU6Eamp6+/zsXtyEgdHlHBRrf6dmr51+87dmdK92fsPHj56PDf/5DMPY+bBvhfSkB1ixIGSAPYFERQOIwbIxxQOcHct5QfnwDgJg09iEEHDR+2AtIiHhOo6m 1twOWn76GzxVL5EC4ntUrA/nNay7xzCC8nZXLlaqWaHXWw4o0bZGh07Z/Mzf9xm6MU+BMKjiPMTpxqJhkRMEI9CMuvGHCLkdVEbTlQzQD7whsz+U2K/UD1NuxUy9QmEnfXmR0jkcz7wsTJ9JDrcZGnnJHYSi9abhiRBFAsIvOFErZjaIr TTBNlNwsATdKAayGNErdX2OoghT6g0zr5Yqdc3Pm1sb30cmxAz1AWRjPfhkDbHu9LViDCkfLybq+x0QLmzbgAXXuj7KGhKNwgSdQqD2MfAknFGQDHwo44kFagkbp+rYGBIIBBNpO0K6KvSkCBsRG9021cBodK+ScLQS9JzmwQSenFWQ4k ZKHNANW8y8AVcR7kgTUiXl/wvajZmLGr263q84ff7/eTEaUg1T8t2s+qRTKXYLjumOhgMCiqmMUxyLy8vC26bAQRXMoO8vqPWnF5z3JI7ZqhdzXZNtqnZpskizSKT9TTrFVfT1bRrjqxqVjWZc8WwLwsZqemBNZMtarZosiXNlkwWaFY ohL5m/cKV1GxQuHKaXZrsULNDkx1pdmSyY82OTbYyYh6icsWEqzm4asK1HFwzYT0H6yZcz8F1E77NwbcmfJeD7wrV6OVooR73cnDPhFs5uFWsyO0c3i5kNz9tMb9Y0VBtbenON5ZqM52TxbWCeCGyW9vNHimENkGqe9ouWB1tdZCY6Pi4 NZRGxTHJCc+HyvXKJkmYD6V0J0k3u5BO1DgfeVxtWJEYncWA6qh1UFswgw9qQdsRMCTUg8slvkpN+vSUG37ivrpJY3Cl7UGqqTcBx9z3i43PtYpTrTi7S+Xl1dE7Qcl6Zj23XlqO9dpatt5bO9a+5VlfrG/Wd+tH6WvpR+ln6ddQnZ4aj XlqjR2l3/8A6Xxmyg==</latexit><latexit sha1_base64="ex8lSzq+ESMOdJpBmPX/75Y0r3c=">AAAJF3ichZZbb9MwFICzcVkZtw0eeYmokJiEq qabBI+7dMA0sRuM3dJNdnraWnUutZ2tnZXfwDM/hFd4Q7zygsS/wUm7OXU6Eamp6+/zsXtyEgdHlHBRrf6dmr51+87dmdK92fsPHj56PDf/5DMPY+bBvhfSkB1ixIGSAPYFERQOIwbIxxQOcHct5QfnwDgJg09iEEHDR+2AtIiHhOo6m 1twOWn76GzxVL5EC4ntUrA/nNay7xzCC8nZXLlaqWaHXWw4o0bZGh07Z/Mzf9xm6MU+BMKjiPMTpxqJhkRMEI9CMuvGHCLkdVEbTlQzQD7whsz+U2K/UD1NuxUy9QmEnfXmR0jkcz7wsTJ9JDrcZGnnJHYSi9abhiRBFAsIvOFErZjaIr TTBNlNwsATdKAayGNErdX2OoghT6g0zr5Yqdc3Pm1sb30cmxAz1AWRjPfhkDbHu9LViDCkfLybq+x0QLmzbgAXXuj7KGhKNwgSdQqD2MfAknFGQDHwo44kFagkbp+rYGBIIBBNpO0K6KvSkCBsRG9021cBodK+ScLQS9JzmwQSenFWQ4k ZKHNANW8y8AVcR7kgTUiXl/wvajZmLGr263q84ff7/eTEaUg1T8t2s+qRTKXYLjumOhgMCiqmMUxyLy8vC26bAQRXMoO8vqPWnF5z3JI7ZqhdzXZNtqnZpskizSKT9TTrFVfT1bRrjqxqVjWZc8WwLwsZqemBNZMtarZosiXNlkwWaFY ohL5m/cKV1GxQuHKaXZrsULNDkx1pdmSyY82OTbYyYh6icsWEqzm4asK1HFwzYT0H6yZcz8F1E77NwbcmfJeD7wrV6OVooR73cnDPhFs5uFWsyO0c3i5kNz9tMb9Y0VBtbenON5ZqM52TxbWCeCGyW9vNHimENkGqe9ouWB1tdZCY6Pi4 NZRGxTHJCc+HyvXKJkmYD6V0J0k3u5BO1DgfeVxtWJEYncWA6qh1UFswgw9qQdsRMCTUg8slvkpN+vSUG37ivrpJY3Cl7UGqqTcBx9z3i43PtYpTrTi7S+Xl1dE7Qcl6Zj23XlqO9dpatt5bO9a+5VlfrG/Wd+tH6WvpR+ln6ddQnZ4aj XlqjR2l3/8A6Xxmyg==</latexit>
 
(th)
3 M2   (a)3
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Figure E.2: Contours for dispersive triangle Eq. (5.29) shown in red, and the integrand cuts. The
three cases are (a) M2 ≥ σ(b)3 , (b) σ(a)3 ≤ M2 ≤ σ(b)3 , and (c) σ(th)3 ≤ M2 ≤ σ(a)3 . Case (a)
corresponds to the usual triangle singularity, which occurs since the OPE branch points pinch the
integration region. Case (c) happens when the initial state of the OPE has a higher threshold then
the intermediate state. The blue region indicates the physical region from the initial threshold.
Note that a triangle singularity does not occur in this case and the integration is not pinched.
(b) σ
(a)
3 ≤ M2 ≤ σ′(b)3 . The RPE branch points are both above the real axis, and cause no
additional singular behavior. Figure E.2(b) illustrates this case.
(c) σ
(th)
3 ≤ M2 ≤ σ(a)3 . The RPE branch points are again on opposite sides of the real axis.
However, the integration region begins below the location where the RPE cut crosses the real
axis. This is due to the fact that the initial state has a higher threshold then the intermediate
120
state, so the physical region is above the RPE crossing location. This is illustrated in Fig. E.2
where the blue region indicates the physical region starting at the initial state threshold, and
the integration contour is a path around the RPE branch point s
(−)
31 . No singularity occurs in
this region as the RPE branch points do not pinch the integration region.
Notice that in contrast to the B-matrix triangle, Eq. (5.27), the dispersive triangle moves all the
singularities from the phase space and OPE to the unphysical sheet. Thus, the only singularity
present on the physical sheet is the unitarity cut starting at s = (M +m3)
2.
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